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ABSTRACT

This paper compares data from linearized and nonlinear Zebiak–Cane model, as constrained by observed sea surface
temperature anomaly (SSTA), in simulating central Pacific (CP) and eastern Pacific (EP) El Niño. The difference between
the temperature advections (determined by subtracting those of the linearized model from those of the nonlinear model),
referred to here as the nonlinearly induced temperature advection change (NTA), is analyzed. The results demonstrate that
the NTA records warming in the central equatorial Pacific during CP El Niño and makes fewer contributions to the structural
distinctions of the CP El Niño, whereas it records warming in the eastern equatorial Pacific during EP El Niño, and thus
significantly promotes EP El Niño during El Niño–type selection. The NTA for CP and EP El Niño varies in its amplitude,
and is smaller in CP El Niño than it is in EP El Niño. These results demonstrate that CP El Niño are weakly modulated by
small intensities of NTA, and may be controlled by weak nonlinearity; whereas, EP El Niño are significantly enhanced by
large amplitudes of NTA, and are therefore likely to be modulated by relatively strong nonlinearity. These data could explain
why CP El Niño are weaker than EP El Niño. Because the NTA for CP and EP El Niño differs in spatial structures and
intensities, as well as their roles within different El Niño modes, the diversity of El Niño may be closely related to changes in
the nonlinear characteristics of the tropical Pacific.
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1. Introduction
El Niño–Southern Oscillation (ENSO) is the most promi-

nent ocean–atmosphere coupled system in the tropical Pa-
cific. It exerts a strong impact on global weather and cli-
mate and often serves as a precursor to extreme weather and
climate (Rasmusson and Wallace, 1983; Larkin and Harri-
son, 2005; McPhaden et al., 2006; Kim et al., 2009; Yeh
et al., 2009). It is therefore extremely important to under-
stand ENSO more comprehensively. Several theories have
been proposed to explain ENSO (Bjerknes, 1969; Battisti,
1988; Jin, 1997a, 1997b; Weisberg and Wang, 1997; Wang,
2001; Wang and Picaut, 2004), and many mathematical mod-
els have been developed to simulate and predict it (Zebiak
and Cane, 1987; Rosati et al., 1997; Latif et al., 1998; Yeh
et al., 2012; Lopez and Kirtman, 2014). Although signifi-
cant progress in this field has been achieved, considerable un-
certainties in ENSO forecasting still remain. For example, in
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2014, many ENSO forecast systems predicted a moderate El
Niño year when only neutral conditions were experienced,
and the extremely strong 2015/16 El Niño event was origi-
nally forecasted to be a weak or, at most, slightly strong El
Niño event. Furthermore, after the 1990s, the frequent oc-
currence of a new type of El Niño event further increased
the uncertainties involved in forecasting ENSO. This new
type of El Niño is often referred to as “CP El Niño” (CP:
central Pacific), since its maximum sea surface temperature
anomaly (SSTA) is located in the central equatorial Pacific
(Kao and Yu, 2009). It has also been variously termed “date-
line El Niño” (Larkin and Harrison, 2005), “El Niño Modoki”
(Ashok et al., 2007; Takahashi et al., 2011) or “warm pool El
Niño” (Kug et al., 2009). CP El Niño events are different
from conventional El Niño events, which are referred to as
“EP El Niño” (EP: eastern Pacific) (Rasmusson and Carpen-
ter, 1982) owing to their feature of a warm SSTA centered in
the eastern Pacific. CP El Niño events significantly influence
weather and climate throughout many parts of the globe, but
in a manner different than that of EP El Niño events (Weng
et al., 2007; Kim et al., 2009; Lee and McPhaden, 2010; Mo,
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2010; Yu et al., 2010; Feng and Li, 2011; Wang and Wang,
2013). Many studies have attempted to better understand the
physics of El Niño events, but most can only explain those
of EP El Niño events [see the review of Wang and Picaut
(2004)]. Because CP El Niño events significantly influence
weather and climate in a different manner than EP El Niño
events, it is necessary to better constrain the physics of CP El
Niño events and to more fully identify differences between
CP and EP El Niño events.

Many studies have attempted to better understand CP El
Niño events (Ashok et al., 2007; Kao and Yu, 2009; Kug et
al., 2009; Yeh et al., 2009, Lee and McPhaden, 2010). Xiang
et al. (2013) and Chung and Li (2013) argued that the frequent
occurrence of CP El Niño events can be attributed to the re-
cent La Niña-like climatological mean state [also see Duan
et al. (2014)]. Other researchers have suggested that extra-
tropical forcing plays an important role in the generation of
CP El Niño (Yu et al., 2010; Kim et al., 2012). Some stud-
ies have emphasized that the increasing frequency of CP El
Niño events during the past decade is related to global warm-
ing caused by anthropogenic forcing (Yeh et al., 2009; Na et
al., 2011). To explain the formation of the CP El Niño mode,
Kug et al. (2009) suggested that zonal temperature advection
feedback plays a crucial role in the development and decay
of the SSTA, since thermocline feedback is known to repre-
sent a key process of EP El Niño. However, Chen et al. (2015)
demonstrated that the diversity of El Niño events results from
the random occurrence of westerly wind bursts. Therefore,
the physics of CP El Niño events still remains controversial.

When compared with EP El Niño events, CP El Niño
events are often much weaker and feature patterns with warm
centers located much more centrally in the equatorial Pacific.
Previous studies have illustrated that nonlinear temperature
advection processes exert a significant impact on the inten-
sities of EP El Niño events. This nonlinear temperature ad-
vection enhances the intensities of EP El Niño events while
suppressing those of La Niña events, eventually resulting in
El Niño and La Niña events producing asymmetrical ampli-
tudes (An and Jin, 2004; Duan et al., 2004, 2008; Duan and
Mu, 2006; Su et al., 2010). The nonlinear temperature ad-
vection occurring in the ENSO model is a nonlinear term,
and its effects dominate the nonlinearity of ENSO (Duan et
al., 2008). The goal of this paper is to therefore address a
series of questions related to this term: Does the nonlinear
temperature advection also modulate the intensities of CP El
Niño events? Can it explain why CP El Niño events are often
weaker than EP El Niño events? And does the nonlinear tem-
perature advection exert any influence on the spatial pattern
of CP El Niño events?

To investigate the role of nonlinearity in modulating the
intensities of El Niño events, many studies (e.g., An and Jin,
2004) have used observational data to directly compute the
nonlinear terms of control equations of state variables and
then to determine the role of nonlinearity. However, this ap-
proach cannot comprehensively evaluate the entire role of
nonlinear temperature advection. Therefore, to better con-
strain this nonlinearity, we derive a series of equations (Ap-

pendix A). These functions demonstrate that nonlinearity can
induce changes in state variables. However, these state vari-
ables exist not only within nonlinear terms but also within the
linear terms of state equations. Therefore, changes in state
variables caused by nonlinearity can also be reflected in lin-
ear terms. In other words, nonlinear effects are reflected not
only in the nonlinear terms of state equations but also in state-
dependent linear terms. Thus, by only evaluating nonlinear
terms to investigate the effects of nonlinearity, it is possible to
neglect nonlinear effects attributable to state-dependent linear
terms. However, by linearizing a nonlinear model and then
comparing the nonlinear model and its linearized version, it
is possible to determine the full role of nonlinearity and to add
new insights to the results of previous studies. Therefore, in
the present study, we adopt this new approach to investigate
the role of nonlinearity more fully.

Many coupled climate models simulate CP El Niño
events with some biases (Yeh et al., 2009; Kug et al., 2012;
Bellenger et al., 2014; Taschetto et al., 2014), and therefore
do not represent platforms for studying the CP El Niño phe-
nomenon, relative to that of EP El Niño. Recently, Duan
et al. (2014) proposed an approach using an optimal forcing
vector (OFV; see Appendix B) to forcefully reproduce ob-
served CP El Niño events. Specifically, Duan et al. (2014)
computed an external forcing term superimposed on the ten-
dency equation of the Zebiak–Cane model (Zebiak and Cane,
1987). This method corrects the model simulations closest to
observed data, thus using observational data to reproduce ob-
served CP El Niño events. Based on these reproduced CP El
Niño events, Duan et al. (2014) explored the physics of CP El
Niño and demonstrated that the La Niña-like climatological
mean state is one of the climatological conditions responsible
for the frequent occurrence of CP El Niño events. Tian and
Duan (2016) then determined the optimal observation loca-
tions that improve upon the current “spring predictability bar-
rier” used to forecast the two types of El Niño events. Clearly,
reproducing CP El Niño events using the OFV approach rep-
resents a foundation for future studies of CP El Niño physics
and predictability. In this paper, we follow the approach of
Duan et al. (2014) to reproduce CP El Niño events and to
explore how the nonlinearity associated with nonlinear tem-
perature advection modulates the intensities and spatial struc-
tures of CP El Niño. In section 2, we use the Zebiak–Cane
model to reproduce observed CP and EP El Niño events using
the OFV approach. The roles of nonlinearity in modulating
the intensities and spatial structures of these reproduced CP
and EP El Niño events are then explored in section 3. Section
4 compares CP and EP El Niño events to identify the differ-
ent impacts of nonlinearity in modulating their intensities and
spatial structures. Finally, a summary and discussion of these
data are presented in section 5.

2. Reproducing observed CP and EP El Niño
events with the Zebiak–Cane model

The Zebiak–Cane model is a nonlinear anomaly model
with intermediate complexity that describes atmospheric and
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oceanic anomalies about a monthly mean climatological
state. Since successfully predicting the 1986–87 El Niño
events, this model has been widely used to study ENSO dy-
namics and predictability, thus serving as a benchmark in
ENSO research for decades (Zebiak and Cane, 1987; Chen
et al., 2004; Tang et al., 2008; Duan et al., 2014). However,
most resulting studies have focused on EP El Niño events
(Chen et al., 1995, 2004), with even fewer studies using the
Zebiak–Cane model to simulate CP El Niño events, likely
due to the effects of model errors. Li et al. (2013) argued that
the tropical Pacific cold-tongue cooling mode might be an
important factor in the triggering of frequent CP El Niño oc-
currences in recent decades. Some studies have also demon-
strated that wind forcing from the subtropical and extratrop-
ical atmosphere may play an important role in the occur-
rence of CP El Niño events (e.g., Yu et al., 2010; Kug et
al., 2012). Regardless, all these factors associated with CP
El Niño events are absent from the Zebiak–Cane model, con-
sequently causing additional model errors.

The climatological mean state of the Zebiak–Cane model
includes the components of monthly mean SST, surface cur-
rents, upwelling, thermocline depth, and annual mean vertical
temperature gradient and thermocline depth. Monthly mean
SST is specified using observations from the Climate Analy-
sis Center dataset made from 1950 to 1979 (Rasmusson and
Carpenter, 1982); monthly mean surface currents are gener-
ated by spinning the ocean component model with monthly
mean climatological wind data assembled by Rasmusson and
Carpenter (1982); and monthly mean upwelling is calculated
using mean surface currents according to a simple functional
relationship. The annual mean thermocline depth and vertical
temperature gradient are calculated by the vertical tempera-
ture profile estimated from observations [more details can be
found in Zebiak and Cane (1987)]. Duan et al. (2014) indi-
cated that the Zebiak–Cane model cannot reproduce CP El
Niño events very well, even when using observations made
during the past 30 years (during which time CP El Niño
events have frequently occurred) to generate these climato-
logical annual cycles. This indicates that model errors lim-
iting the simulation of CP El Niño originate from multiple
sources, and not only from the climatological annual cycle
bias. Furthermore, these sources are likely mixed and can-
not be easily separated. In this study, we still use the cli-
matological annual cycle generated using data gathered from
1950 to 1979, and follow the technique of Duan et al. (2014)
to consider the combined effects of different model errors.
The technique involves adding an external OFV to the SSTA
governing equation, in an attempt to reduce the model bias
of the climatological mean state, and correcting for the ab-
sence of relevant physical processes by assimilating a series
of HadISST (Hadley Center Global Sea Ice and Sea Surface
Temperature) analytical data (Rayner et al., 2003). The con-
struction of this model thus ultimately yields a simulation of
CP El Niño events. In this approach, use of an appropriate
initial value can avoid in a resulting OFV that is too large,
thus not permitting us to obtain the relevant state variables
needed to satisfy dynamics and/or physics. The initializa-

tion procedure developed by Chen et al. (1995) used within
the Zebiak–Cane model has proven to be highly effective in
hindcasting El Niño events (Chen et al., 2004). Therefore,
in this paper, we adopt this initialization procedure to ob-
tain the initial conditions of the Zebiak–Cane model starting
on 1 January of an El Niño year (i.e., the year during which
the El Niño event peaks) and to compute the OFV associated
with each CP El Niño event. This OFV is then superimposed
on the tendency of the model temperature equation to cor-
rect the model for reproducing CP El Niño events occurring
from 1980 to 2010, including the 1990/91, 1994/95, 2002/03,
2004/05, and 2009/10 CP El Niño events (Fig. 1). As a com-
parison, we also use a similar approach to reproduce three
observed EP El Niño events during this period (namely, the
1982/83, 1986/87, 1997/98 EP El Niño events), and plot their
corresponding SSTA values in Fig. 2. Because the 1972/73
El Niño is a typically strong EP El Niño event, we also ex-
amine this event in the present study.

Figures 1 and 2 demonstrate that reproduced El Niño
events generated by the Zebiak–Cane model with the cor-
responding OFV present SSTA values well correlated with
observed data, whereas those generated without OFVs do
not fit these observations well, and some even fail to be-
come El Niño events. For example, the 1982/83, 1986/87,
and 1997/98 EP El Niño cases generated by the Zebiak–Cane
model without OFVs appear to fit observations reasonably
well, whereas the 1972/73 EP El Niño event predicted by
the Zebiak–Cane model without an OFV exhibits only a very
weak warming signal in the equatorial central Pacific and ul-
timately fails to become an El Niño event. However, any CP
El Niño case reproduced by the Zebiak–Cane model without
an OFV is not acceptable.

Figure 3 compares the magnitude of the OFVs to the
terms in the temperature equation of the Zebiak–Cane model
for five CP El Niño events. Because the warming signal of CP
El Niño events mostly occurs in the Niño4 region (5◦N–5◦S,
160◦E–150◦W), the related OFVs and equation terms are cal-
culated by averaging over this region. These results demon-
strate that the values of the OFVs usually yield comparable
amplitudes to those of the terms of the Zebiak–Cane model,
and therefore may play an important role in modulating CP El
Niño events (Fig. 3b). Furthermore, the Zebiak–Cane model
with OFVs tends to reproduce CP El Niño events, whereas
without OFVs it fails to generate them (Fig. 1). Addition-
ally, OFVs associated with CP El Niño events consistently
exhibit an SSTA tendency pattern with positive anomalies in
the equatorial eastern Pacific, thus indicating that SST ten-
dency errors occurring in the equatorial eastern Pacific domi-
nate the uncertainties of the Zebiak–Cane model when simu-
lating CP El Niño events [more details can be found in Duan
et al. (2014)]. In analyzing CP El Niño–related model un-
certainties offset by OFVs, Duan et al. (2014) demonstrated
that one of the model uncertainties offset by OFVs is the ab-
sence of a climatological SST cold-tongue cooling mode in
the Zebiak–Cane model. When these researchers replaced
the original climatological annual cycle with one including a
climatological SST cold-tongue cooling mode, the Zebiak–
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Fig. 1. SSTAs in the mature phase of five CP El Niño events (units: ◦C): (a) observed El Niño; (b) El Niño reproduced by the
nonlinear Zebiak–Cane model with an OFV; (c) El Niño reproduced by the nonlinear Zebiak–Cane model without an OFV.
The mature phases here are the months when the El Niño events peak, which are January 1991, January 1995, November 2002,
January 2005, and January 2010.

Fig. 2. SSTAs in the mature phase for four EP El Niño events (units: ◦C): (a) observed El Niño; (b) El Niño reproduced by the
nonlinear Zebiak–Cane model with an OFV; (c) El Niño reproduced by the nonlinear Zebiak–Cane model without an OFV. The
mature phases here are the months when the El Niño events peak, which are January 1972, 1983, 1987, and 1998.
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Fig. 3. (a) Time series of horizontal temperature advection (red line), vertical temperature advection (green
line), damping term (pink line), and total SSTA tendency (black line), for CP El Niño-like events generated
by the linearized Zebiak–Cane model, obtained by averaging over the Niño4 region (5◦N–5◦S, 160◦E–150◦W)
[units: ◦C (10 d)−1]. (b) As in (a) but for CP El Niño events reproduced by the nonlinear Zebiak–Cane model.
The OFV (blue line) in (b) is the same as in (a). The lines in (c) are obtained by determining the differences
between (b) and (a) and illustrate the horizontal (red line) and vertical (green line) NTA values, the nonlinearly
induced damping term change (pink line), and the nonlinearly induced SSTA tendency change (black line).
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Cane model produced SSTA patterns with warming centers
departing from the east coast but still located far from the
dateline. These results indicate that the model uncertainties
offset by the OFV cannot be solely attributed to the SST cold-
tongue mode, but are also affected by other sources of uncer-
tainties. For example, as mentioned in section 2, the Zebiak–
Cane model cannot fully describe the effects on CP El Niño of
subtropical and extratropical atmospheric conditions, which
have been shown to be important to CP El Niño events but
are absent in the Zebiak–Cane model. This oversight intro-
duces additional model uncertainties, which can also be offset
by the OFV.

Figure 4b demonstrates that, for EP El Niño events, OFVs
are often smaller than the terms in the Zebiak–Cane model.
Particularly, with the development of El Niño events, am-
plitudes of OFVs become significantly smaller than those of
temperature advection terms. Furthermore, these OFVs even
yield negative values during the latter periods of strong El
Niño years (1972/73, 1982/83 and 1997/98), and thus can-
not be responsible for the intensification of intensities of El
Niño events in a nonlinear regime (see section 3). Regard-
less, the role of OFVs in modulating these EP El Niño events
is not negligible. For example, the Zebiak–Cane model run
without corresponding OFVs fails to reproduce the 1972/73
El Niño event, but the Zebiak–Cane model run with a corre-
sponding OFV is able to do so (Fig. 2). Furthermore, Duan et
al. (2014) indicated that patterns of OFVs depend on different
EP El Niño events and do not exhibit a unified pattern.

Comparing Figs. 3 and 4 clearly demonstrates that dif-
ferences between linear and nonlinear simulations in both EP
and CP El Niño events are very small during the first half of
an El Niño event (see Figs. 3c and 4c), thus indicating that
the effect of nonlinearity is smaller during the first half of El
Niño than it is during the second half. Furthermore, the am-
plitude of these differences in EP El Niño events is more than
twice that observed for CP El Niño events. This implies that
EP El Niño events are more significantly influenced than CP
El Niño events by nonlinearity. To address how nonlinear-
ity modulates CP and EP El Niño events, the present study
therefore focuses on constraining the influence of nonlinear
temperature advection on CP and EP El Niño events. As de-
scribed above, OFVs can help reproduce observed El Niño
events and generate acceptable simulations of related physi-
cal variables (Duan et al., 2014). Therefore, it is reasonable
to use the CP and EP El Niño events reproduced by the cor-
rected Zebiak–Cane model with the corresponding OFV to
analyze the role of nonlinear temperature advection in modu-
lating El Niño events. For simiplicity, from here on, when we
refer to the “Zebiak–Cane model”, we mean the Zebiak–Cane
model with a corresponding OFV.

3. Modulation of the intensities and spatial
structures of CP and EP El Niño events by
nonlinearity

As previously mentioned, nonlinearity in the Zebiak–
Cane model mainly arises from nonlinear temperature advec-

tion in the temperature equation. The SST anomaly equation
in the (corrected) Zebiak–Cane model can be expressed as

∂T
∂t

= −ūTx − v̄Ty−γM(w̄)Tz−uT x − vT y−
γ[M(w̄ + w)−M(w̄)]T z−uTx − vTy−
γ[M(w̄ + w)−M(w̄)]Tz−αsT + f , (1)

where T , u, v and w denote respectively anomalies of mixed
layer temperature (or SST), horizontal surface zonal velocity,
meridional velocity, and upwelling at the mixed layer base. γ
is a parameter that describes the strength of upwelling with
the value 0.75, and αs is a nondimensional parameter that
represents the Newtonian cooling coefficient for SSTA. The

function M(x) is defined by M(x) =

{
0, x 6 0;
x, x > 0. An overbar

in Eq. (5) denotes the climatological mean and “ f ” represents
the OFV superimposed on the SST anomaly equation. This
“ f ” is calculated with one-month intervals and covers the re-
gion with a 5.625◦ latitude ×2◦ longitude grid, with latitude
ranging from 129.375◦W to 84.375◦W and longitude ranging
from 19◦S to 19◦N. The temperature advection in Eq. (5) is
denoted as

Ψ = −ūTx − v̄Ty−γM(w̄)Tz−uT x − vT y−
γ[M(w̄ + w)−M(w̄)]T z−uTx − vTy−
γ[M(w̄ + w)−M(w̄)]Tz . (2)

In this equation, Ψh = −ūTx − v̄Ty − uT x − vT y − uTx − vTy

and Ψv =−γM(w̄)Tz−γ[M(w̄+w)−M(w̄)]T z−γ[M(w̄+w)−
M(w̄)]Tz are the horizontal and vertical components, respec-
tively, of the temperature advection Ψ . In these temperature
advections, Ψn = −uTx − vTy −γ[M(w̄ + w)−M(w̄)]Tz repre-
sents the nonlinear temperature advection term. To determine
the influence of nonlinear temperature advection on the in-
tensities and spatial structures of CP and EP El Niño events,
we linearize the SSTA equation in the Zebiak–Cane model as
follows:

∂T ′

∂t
= −ūT ′x − v̄T ′y −γM(w̄)T ′z −u′T x − v′T y

−γ[M(w̄ + w′)−M(w̄)]T z−αsT ′+ f , (3)

where “ f ” is the same as that in Eq. (1), the prime denotes
the variables in the linearized model, and the temperature ad-
vection term becomes

Ψ ′ = −ūT ′x − v̄T ′y −γM(w̄)T ′z −u′T x − v′T y−
γ[M(w̄ + w′)−M(w̄)]T z , (4)

where Ψ ′h = −ūT ′x − v̄T ′y −u′T x − v′T y and Ψ ′v = −γM(w̄)T ′z −
γ[M(w̄ + w′)−M(w̄)]T z are the horizontal and vertical com-
ponents, respectively, of the temperature advection in the lin-
earized model. The nonlinear effect generated by the nonlin-
ear temperature advection term is thus reflected in the tem-
perature advection change Ψ −Ψ ′, as well as the damping
term change −αs(T −T ′) (also see Appendix A). That is, Eq.
(5) holds:

d(T −T ′)
dt

= (Ψ −Ψ ′)−αs(T −T ′) . (5)
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Fig. 4. As in Fig. 3 but for EP El Niño events.

From the Eq. (5), it is clear that the influences of nonlin-
ear temperature advection on the SSTA associated with CP
and EP El Niño events (i.e., the differences between T and
T ′), are driven by the nonlinearly induced temperature ad-
vection change (NTA; Ψ −Ψ ′). That is, the NTA is equal to
Ψ −Ψ ′, where Ψh−Ψ ′h describes the horizontal component of
the NTA, and Ψv −Ψ ′v represents the vertical component. In
contrast with the “linearized Zebiak–Cane model”, we here-
after refer to the prementioned Zebiak–Cane model in section
2 as the “nonlinear Zebiak–Cane model”. In any case, both

of them are forced by the same OFV.

3.1. CP El Niño events
For the five reproduced CP El Niño events in the non-

linear Zebiak–Cane model, the related SSTA values are con-
strained to be close to the observed SSTA values. Here, we
use the initial anomalies of these reproduced CP El Niño
events as the initial values of the linearized Zebiak–Cane
model, and then integrate the linearized model. By doing
so, five SSTA time series can be obtained; the correspond-
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ing evolution of SSTA along the equator (within the region of
5◦N–5◦S) is plotted in Fig. 5. This figure demonstrates that
the five SSTA time series present CP El Niño-like events. By
comparing their intensities with those obtained in the non-
linear model, we can observe that the 1990/91, 2002/03 and
2004/05 CP El Niño-like events do not change significantly in
the nonlinear Zebiak–Cane model, but that the 1994/95 and
2009/10 CP El Niño-like events are significantly enhanced.
The nonlinear Zebiak–Cane model includes the effects of
nonlinearity, whereas the linearized model does not. As ana-
lyzed above, the nonlinearities of the Zebiak–Cane model are
mainly reflected by the NTA (Ψ −Ψ ′). Although the damp-
ing term change [−αs(T −T ′)] is also related to nonlinearity,
it plays either a negligible or a negative role in enhancing CP
El Niño. Specifically, Fig. 3c demonstrates that nonlinear-
ities from either the damping term change or the horizontal
or vertical NTA are often negligible for the 1990/91, 2002/03
and 2004/05 CP El Niño-like events, and only exert minimal
effects on the intensities of these El Niño events. However, in
the 1994/95 and 2009/10 CP El Niño events, the correspond-
ing horizontal NTA values are positive, whereas the vertical
NTA and the damping term change tend to be negative, espe-
cially during their mature phases (i.e., in January of the 1994
and 2009 El Niño years). Furthermore, the amplitude of the
former term is significantly larger than that of the latter two
terms. These data therefore suggest that the positive and sig-
nificantly large horizontal NTA values aggressively enhance
the 1994/95 and 2009/10 CP El Niño events. This implies
that the NTA plays an important role in enhancing strong CP
El Niño events.

The above results are derived from values of relevant vari-
ables averaged throughout the Niño4 region. Figure 6 dis-
plays the time-dependent evolution of the NTA along the
equator (within 5◦N–5◦S), and thus further illustrates how
the NTA modulates CP El Niño events. It is this NTA that
introduces differences between El Niño events generated by
the nonlinear Zebiak–Cane model and those presented by
its linearized model (see Fig. 5c). Figure 6 demonstrates
that the positive NTA of five CP El Niño events first ap-
pears in the eastern equatorial Pacific and then moves west-
wards; eventually, the warming rate of the NTA occurs in the
central equatorial Pacific during its mature phase. Figure 6
also demonstrates that the NTA often yields small values in
the tropical central Pacific during the mature phases of the
1990/91, 2002/03 and 2004/05 CP-El Niño events (i.e., in
January of the 1990 and 2004 El Niño years, but in Novem-
ber of the 2002 El Niño year), whereas it yields largely pos-
itive values during the mature phases of the 1994/95 and
2009/10 events. Therefore, the NTA does not significantly af-
fect the intensities of the 1990/91, 2002/03, and 2004/05 CP
El Niño events, but does significantly enhance those of the
1994/95 and 2009/10 events. This explains why the 1990/91,
2002/03 and 2004/05 CP El Niño-like events in the linearized
Zebiak–Cane model do not significantly change in the nonlin-
ear Zebiak–Cane model, whereas the 1994/95 and 2009/10
CP El Niño-like events are significantly enhanced. These
results illustrate that the ability of nonlinearity to enhance

these values mainly occurs during the mature phase of strong
CP El Niño events. Additionally, Fig. 6a demonstrates that,
during the evolution of the NTA, a band of negative values
occurs, propagating westwards and sometimes preceding the
positive band. This indicates that relevant CP El Niño events
are suppressed by negative NTA values during their develop-
ment phase, but are then enhanced by positive NTA, espe-
cially during their mature phase, which further emphasizes
the enhanced role of the NTA in the mature phases of strong
CP El Niño events.

Figure 6 also records the time-dependent evolution of the
horizontal and vertical components of the NTA along the
equator (within 5◦N–5◦S). This figure demonstrates that the
evolution of the horizontal NTA in the tropical Pacific is very
similar to that of the total NTA, thus implying that the hori-
zontal NTA component contributes the most to the total NTA
value. Especially during the mature phases of the 1994/95
and 2009/10 CP El Niño events, the NTA in the tropical Pa-
cific exhibits significantly large positive values, with the hor-
izontal NTA component making the greatest contributions to
it. Although the vertical NTA component is positive during
the developing phase of the El Niño events, and therefore en-
hances the 1994/95 and 2009/10 CP El Niño events, there
is a less notable difference in amplitude between the values
of strong CP El Niño events (i.e., 1994/95 and 2009/10) and
weak ones (i.e., 1990/91, 2002/03 and 2004/05). In contrast,
the horizontal NTA values show considerable differences in
their amplitudes, especially during the mature phases of these
events (Figs. 3 and 6). These results may indicate that, dur-
ing the mature phase of an event, the horizontal NTA plays a
major role in enhancing the intensity of a CP El Niño event,
whereas the vertical NTA exerts a secondary influence. Fig-
ure 7 displays the NTA, and its horizontal and vertical com-
ponents, during the mature phases of five CP El Niño events.
This figure illustrates that the warm center of the NTA is lo-
cated in the tropical central Pacific, especially in the Niño4
region; this is the location of the warm center of CP El Niño
events, and thus indicates that the positive NTA (and espe-
cially the positive horizontal NTA) in the tropical central Pa-
cific is responsible for enhancing the intensity of CP El Niño
events. Furthermore, the vertical NTA components of the
1994/95 and 2009/10 CP El Niño events exhibit obvious cool-
ing rates in the eastern equatorial Pacific during their mature
phases, thus decreasing the SSTAs in the eastern equatorial
Pacific and serving as foils to the intensification of related
SSTAs in the Niño4 region.

The positive NTA, and especially the positive horizontal
NTA, observed in the Niño4 region during the mature phases
of CP El Niño events, tends to produce additional positive
SSTA values in the same area. These values, along with
those of the negative anomalies of the vertical NTA in the
eastern equatorial Pacific, increase the gradient of the SSTA
between the equatorial central and the western Pacific, as well
as that of the SSTA between the equatorial central and the
eastern Pacific. This former condition is favorable for in-
creasing anomalous westerly wind and favors warm water in
the western Pacific moving eastwards, whereas the latter con-
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Fig. 5. Evolution of the SSTA [units: ◦C (10 d)−1] along the equator (within 5◦N–5◦S) for five CP El Niño
events: (a) results of El Niño events generated by the linearized Zebiak–Cane model; (b) results of El Niño
events reproduced by the nonlinear Zebiak–Cane model; and (c) differences between (b) and (a).
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Fig. 6. Evolution of (a) the total NTA [units: ◦C (10 d)−1] and (b) its horizontal and (c) vertical components
along the equator (within 5◦N–5◦S) for five CP El Niño events.
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Fig. 7. Spatial structures of (a) the NTA [units: ◦C (10 d)−1] and (b) its horizontal and (c) vertical components in the mature
phases of five CP El Niño events. NTAs are plotted for January 1991, January 1995, November 2002, January 2005, and
January 2010.

dition enhances the anomalous easterly wind and hinders the
movement of warm water in the central Pacific towards the
east. Differences in the relative intensity of these scenarios
determine that the shifting of the warm center of CP El Niño
events occurs in the central Pacific. Figure 8 demonstrates
that the zonal wind in the nonlinear Zebiak–Cane model is
a westerly wind anomaly in the Niño4 region and an east-
erly wind anomaly in the Niño3 region, but that the linearized
model presents an easterly wind anomaly in the Niño4 region
and a negligible wind anomaly in the Niño3 region. These
differences between the nonlinear and linearized models re-
flect the effects of NTA feedback, which demonstrate that
the anomalous westerly wind induced by the NTA over the
central-western Pacific is a little larger than, or almost equal
to, the anomalous easterly wind over the central-eastern Pa-
cific (Fig. 8c). This causes the warm center of a CP El Niño
event to move slightly eastwards, or to keep its location un-
changed. Clearly, the shift of the warm centers of these CP El
Niño events is subject to the NTA-induced wind gradient be-
tween the anomalous westerly wind in the western Pacific and
the anomalous easterly wind in the eastern Pacific. Although
the 1994/95 and 2009/10 events feature much larger positive

NTA values and are significantly enhanced by the NTA, they
may involve slightly different NTA-induced wind gradients
than those observed in the 1990/91, 2002/03, and 2004/05
events, thus suggesting that the NTA has almost the same ef-
fect on the spatial structure of strong CP El Niño events as
it does on those of weak CP El Niño events. Furthermore,
this effect is less significant on CP El Niño events. There-
fore, these data, along with those of the linearized model also
presenting CP El Niño–like events, suggest that nonlinearity
plays only a minor role in selecting CP El Niño events.

3.2. EP El Niño events
In this section, we perform numerical experiments similar

to those performed for the previously discussed CP El Niño
events, for each of the four reproduced EP El Niño events
shown in Fig. 2. Figure 9 plots the evolution of EP El Niño
events reproduced by the nonlinear Zebiak–Cane model, as
well as those of the corresponding El Niño-like events in the
linearized Zebiak–Cane model. These results demonstrate
that, after the Zebiak–Cane model is linearized, the warm
center of EP El Niño events moves significantly westwards.
As a result, the El Niño-like events in the linearized model
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Fig. 8. Wind anomaly fields (vectors; units: m s−1) and SSTA (units: ◦C) in the mature phases (shaded) of five CP El Niño
events: (a) results of El Niño events reproduced by the linearized Zebiak–Cane model; (b) results of El Niño events generated
by the nonlinear Zebiak–Cane model; (c) differences between (b) and (a). Fields are plotted for January 1991, January 1995,
November 2002, January 2005, and January 2010.

corresponding to the 1986/87 event tend to be CP El Niño-
like events; the 1972/73 and 1997/98 El Niño events initially
present their warming centers in the eastern tropical Pacific,
but they eventually move to the central tropical Pacific. These
data indicate that El Niño-like events in the linearized Zebiak-
Cane model tend to be CP El Niño–like events when reach-
ing the peak of the observed ones, with the exception of the
1982/83 event. They also suggest that the nonlinearity of the
Zebiak–Cane model often moves the warm center of El Niño
events significantly eastwards. Meanwhile, comparing the re-
produced EP El Niño events in the nonlinear model with the
El Niño-like events in the linearized model indicates that non-
linearity consistently enhances the intensities of four EP El
Niño events, particularly during the mature phases of these
events (i.e., in January of the 1972, 1982, 1986, and 1997 El
Niño years), thus supporting the previous results of An and
Jin (2004) and Duan et al. (2004, 2008) on nonlinearity mod-
ulating ENSO amplitudes.

Figure 4 demonstrates that the NTA values of all EP El
Niño events, except for the 1982/83 event, are significantly
larger in their amplitudes than the damping difference. Es-

pecially during the mature phases of EP El Niño events, the
NTA is positive when the damping term change is negative,
demonstrating that the NTA most significantly enhances EP
El Niño events. Figure 10 displays the time-dependent evo-
lution of the NTA along the equator associated with EP El
Niño events. This figure demonstrates that the positive NTA
of all EP El Niño events, except for the 1982/83 El Niño
event, tends to appear first in the eastern equatorial Pacific,
and then extends westwards, before finally making the warm-
ing rate of the NTA occur throughout almost the entire tropi-
cal eastern Pacific and reach its maximum during the mature
phase of the El Niño event. This explains why nonlinearity
enhances EP El Niño events, especially during their mature
phases. Comparing the horizontal and vertical NTAs further
demonstrates that the former value tends to be considerably
larger for strong EP El Niño events (i.e., the 1972/73 and
1997/98 events) than it is for weak ones (i.e., the 1986/87
event), while the latter displays less of a significant difference
between strong and weak events. Additionally, the amplitude
of the former value is often significantly larger than that of
the latter, suggesting that the former plays a dominant role in
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Fig. 9. As in Fig. 5 but for EP El Niño events.

enhancing EP El Niño events. Despite the fact that the ver-
tical NTA component involves relatively small amplitudes, it
does uniformly present positive values in the eastern equato-
rial Pacific during the mature phases of events, which can also
help increase the SSTAs in the eastern equatorial Pacific, but
may play a secondary role in enhancing EP El Niño events.

Figure 11 displays the NTA, and its horizontal and ver-
tical components, during the mature phases of EP El Niño
events. This figure illustrates that the NTA presents posi-

tive values in the tropical central and eastern Pacific and that
its horizontal component contributes most significantly to it.
The positive NTA in the Niño3 region, especially the positive
horizontal NTA, then increases the positive SSTA in the same
area in the nonlinear Zebiak–Cane model. These increasing
SSTAs cause the zonal SST difference to increase and gen-
erate stronger westerly anomalies in the tropical central Pa-
cific (Fig. 12). This not only causes warm water to move
towards the east, but also weakens the anomalous upwelling
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Fig. 10. As in Fig. 6 but for EP El Niño events.

of cold water in the tropical eastern Pacific, finally result-
ing in the strengthening of the EP El Niño event and caus-
ing the warm center of EP El Niño events to move markedly
eastwards. These results demonstrate that all El Niño-like
events (except for the 1982/83 event) in the linearized model
are much more like CP El Niño events, but that the events
affected by NTA (i.e., those in the nonlinear Zebiak–Cane
model) present more eastward warm centers and tend to be

EP El Niño events. Therefore, we conclude that the NTA
significantly promotes EP El Niño events.

4. Contrasting CP and EP El Niño events
Thus far, we have demonstrated that the NTA associated

with the mature phases of CP El Niño events is positively
stronger over the central Pacific than it is over other regions
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Fig. 11. Spatial structures of (a) the NTA [units: ◦C (10 d)−1] and (b) its horizontal and (c) vertical components in the mature
phases of four EP El Niño events. NTAs are plotted for January 1972, 1983, 1987, and 1998.

Fig. 12. Wind anomaly fields (vectors; units: m s−1) and SSTA (units: ◦C) in the mature phases (shaded) of four EP El Niño
events: (a) results of El Niño events reproduced by the linearized Zebiak–Cane model; (b) results of the El Niño events gener-
ated by the nonlinear Zebiak–Cane model; and (c) differences between (b) and (a). Fields are plotted for January 1972, 1983,
1987, and 1998.
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(Fig. 7). This NTA has a negligible effect on weak CP El
Niño events, as it only minimally influences their intensities,
but has a considerable impact on strong CP El Niño events by
significantly amplifying them. The positive NTA associated
with CP El Niño events is located in the Niño4 region and in-
duces an anomalous westerly–easterly wind contrast between
the tropical western Pacific and the tropical eastern Pacific.
These westerly and easterly winds almost balance each other,
thus causing the location of the warm center of CP El Niño
events to not change significantly from that of the linearized
Zebiak–Cane model, thus implying that the NTA plays a mi-
nor role in selecting CP El Niño events. However, in EP El
Niño events, the related NTA is much stronger over the east-
ern Pacific than it is over other regions (Fig. 11); this NTA is
thus inclined to significantly enhance the intensities of EP El
Niño events. However, this NTA favors the warm center of
CP El Niño–like events presented in the linearized Zebiak–
Cane model to be situated far more eastwards, and tends to
yield EP El Niño events in the nonlinear Zebiak–Cane model.
Regardless, whether using EP or CP El Niño event reference
states, the relevant linearized Zebiak–Cane models tends to
yield CP El Niño–like events. However, the NTA of CP El
Niño events tends to not alter the structure of CP El Niño–like
events shown in the linearized Zebiak–Cane model, whereas
the NTA of EP El Niño events pushes the warm center of CP
El Niño-like events markedly eastwards, finally producing EP
El Niño events in the nonlinear Zebiak–Cane model. There-
fore, we conclude that, in making a distinction between El
Niño types, nonlinearity considerably promotes EP El Niño

events. The amplitude of the NTA is much smaller in the
Niño4 region for CP El Niño events than it is in the Niño3
region for EP El Niño events (Fig. 13), thus explaining why
EP El Niño events are often stronger than CP El Niño events.

5. Summary and discussion
In this study, we use an OFV approach to reproduce five

CP El Niño events and four EP El Niño events to reveal the
comparative influence of the nonlinear temperature advection
on the intensities and spatial modes of CP and EP El Niño
events. The results demonstrate the influence of nonlinear
temperature advection is mainly from the NTA (i.e., non-
linearly induced temperature advection change). The NTA
yields different amplitudes and spatial distributions for CP
and EP El Niño events, and thus has different influences on
the intensities and spatial structures of the two types of El
Niño events. For CP El Niño events, the NTA presents pos-
itive anomalies in the tropical central Pacific and shows a
center-strong and east- and west-weak (sometimes east- and
west-negative) structure along the equatorial Pacific. These
structures increase the central Pacific (especially in the Niño4
region) positive SSTA of CP El Niño (especially for strong
CP El Niño events), which induces a westerly wind anomaly
over the tropical central-western Pacific and an easterly wind
anomaly over the tropical central-eastern Pacific. These
anomalies almost balance each other and eventually cause the
warm center of CP El Niño events to remain essentially un-
moved. For EP El Niño events, the NTA presents positive
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JUNE 2017 DUAN ET AL. 753

anomalies in the tropical eastern Pacific, and an east-strong
and west-weak (sometimes negative) structure. This effect
then enhances the tropical eastern Pacific positive SSTA of
EP El Niño events, generating westerly anomalies in the trop-
ical central Pacific and finally favoring warm water in the east
and a weakening of the anomalous upwelling of cold water in
the tropical eastern Pacific. These combined effects result in
the NTA enhancing the strength of EP El Niño events and
moving the warm center to the east, ultimately causing the
CP El Niño–like events in the linearized Zebiak–Cane model
to become EP El Niño events in the nonlinear Zebiak–Cane
model.

The NTA of CP El Niño events is smaller in its amplitude
than that of EP El Niño events. Correspondingly, the ampli-
tude of CP El Niño events is weakly influenced by nonlinear-
ities, whereas the amplitude of EP El Niño events is signifi-
cantly enhanced, thus explaining why EP El Niño events are
often stronger than CP El Niño events. Additionally, based on
the fact that nonlinearities do not significantly affect the spa-
tial mode of CP El Niño events, but do significantly promote
EP El Niño events, we can deduce that CP El Niño events
may be controlled by a weak nonlinearity and that EP El Niño
events may be modulated by a relatively strong nonlinearity.
Considering that the NTA values of CP and EP El Niño events
possess different spatial characteristics and intensities, there-
fore producing relatively weak CP and relatively strong EP
El Niño structures, the suggestion is that the diversity of El
Niño events may be closely related to changes in nonlinear
characteristics within the tropical Pacific.

As previously mentioned, the reasons for the frequent oc-
currence of CP El Niño events in recent decades remain con-
troversial. In the present study, we argue that changes in the
nonlinearity of ENSO are responsible for El Niño diversity.
This conclusion is different from explanations proposed by
previous researchers, such as a La Niña-like tropical Pacific,
global warming, and westerly wind bursts (see introduction
for more details), and may represent a new viewpoint for
better understanding the causes of ENSO diversity. How-
ever, the results obtained in the present study are based on an
intermediate complex model (more specifically, a forcefully
corrected intermediate complex model). The resulting con-
clusions are therefore indicative, and should be further con-
firmed by future work that examines the results of changes
in OFVs or uses a much more complete and realistic climate
model that can reproduce the two types of El Niño events.

In the present study, we emphasize that the spatial struc-
ture of CP El Niño events is trivially influenced by the NTA
and that the linearized Zebiak–Cane model also produces CP
El Niño-like events. These results indicate that CP El Niño
events are mainly controlled by a linear system. In fact, the
linear framework of the Zebiak–Cane model is mainly influ-
enced by the linear temperature advection process. There-
fore, we infer that the linear temperature advection process
plays an important role in the development of CP El Niño
events, which supports the viewpoint of Su et al. (2014).
Some studies have demonstrated that linear temperature ad-
vections are also dominant in EP El Niño events (e.g., Guan

and McPhaden, 2016). Herein, we demonstrate that the lin-
earized Zebiak–Cane model can still produce CP El Niño-like
events, with the exception of the 1982/83 EP El Niño event;
however, when the NTA is superimposed on the model, these
events become EP El Niño events. These results stress the im-
portance of the NTA in the distinction of EP El Niño events.
Future work is needed to determine whether linear tempera-
ture advection or the NTA play a more important role in the
distinction of EP El Niño structures.

The present study corrects the Zebiak–Cane model to
demonstrate that CP El Niño events tend to be controlled by
weak nonlinearity, whereas EP El Niño events are likely to
be modulated by strong nonlinearity. Strong nonlinearity is
much more likely to cause irregularities in ENSO and limit its
predictability. Therefore, these results indicate that it may be
easier to predict CP El Niño events than EP El Niño events,
if the effects of model error can be neglected. In fact, Tian
and Duan (2016) demonstrated that CP El Niño events are
less influenced by the spring predictability barrier for ENSO
forecasting, implying that they are more predictable than EP
El Niño events. Hendon et al. (2009) further indicated that
the predictive skill of the Niño4 index features much less
of a spring predictability barrier, and thus that it is easier to
predict CP El Niño events. Despite these results, it remains
highly challenging to predict which type of El Niño event will
occur; future studies should therefore attempt to improve the
predictability of these two types of El Niño events.
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APPENDIX A
Nonlinear Effects of Nonlinear Temperature Advection

in the Zebiak–Cane Model

The SSTA equation in the (corrected) Zebiak–Cane
model can be written as

∂T
∂t

= Ψh +Ψv−αsT + f , (A1)

where “ f ” is the OFV (Duan et al., 2014) superimposed on
the SSTA equation and is used to correct the model. The tem-
perature advection is



Ψ = Ψh +Ψv ,

Ψh = −ūTx − v̄Ty−uT x − vT y−uTx − vTy ,

Ψv = −γM(w̄)Tz−γ[M(w̄ + w)−M(w̄)]T z

−γ[M(w̄ + w)−M(w̄)]Tz .

(A2)

Here, T , u, v and w denote respectively anomalies of mixed
layer temperature (or SST), horizontal surface zonal veloc-
ity, meridional velocity, and upwelling at the mixed layer
base. γ is a parameter that describes the strength of upwelling
with the value 0.75, and αs is a nondimensional parameter
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that represents the Newtonian cooling coefficient for SSTA.

M(x) is defined by M(x) =

{
0, x 6 0;
x, x > 0. The overbar denotes

the climatological mean; and Ψh and Ψv represent the hori-
zontal and vertical components, respectively, of the tempera-
ture advection Ψ . The term Ψn = −uTx − vTy −γ[M(w̄ + w)−
M(w̄)]Tz, which comprises the same nonlinear terms as Ψh
and Ψv, is called nonlinear temperature advection and repre-
sents the nonlinear term of the Zebiak–Cane model.

To reveal the effects of nonlinear temperature advection,
we linearize Eq. (A1) as follows:

∂T ′

∂t
= Ψ ′h +Ψ ′v−αsT ′+ f , (A3)

where “ f ” is the same as in Eq. (A1), and the prime denotes
the variables in the linearized model. The temperature advec-
tions in the linearized model then become



Ψ ′ = Ψ ′h +Ψ ′v ,

Ψ ′h = −ūT ′x − v̄T ′y −u′T x − v′T y ,

Ψ ′v = −γM(w̄)T ′z −γ[M(w̄ + w′)−M(w̄)]T z ,

(A4)

where Ψ ′h and Ψ ′v are the horizontal and vertical components,
respectively, of the temperature advection in the linearized
model.

The differences between the nonlinear and linear model
reflect the full role of nonlinear temperature advection in
modulating SSTA. As such, we subtract Eq. (A3) from Eq.
(A1) to obtain the difference between the SSTA in the non-
linear model and that in the linearized model:

∂(T −T ′)
∂t

= (Ψh−Ψ ′h) + (Ψv−Ψ ′v)−αs(T −T ′) , (A5)

where

Ψh−Ψ ′h = −ūTx − v̄Ty−uT x − vT y−uTx − vTy

−(−ūT ′x − v̄T ′y −u′T x − v′T y)

= −ū(T −T ′)x − v̄(T −T ′)y− (u−u′)T x

−(v− v′)T y−uTx − vTy ,

Ψv−Ψ ′v = −γM(w̄)Tz−γ[M(w̄ + w)−M(w̄)]T z

−γ[M(w̄ + w)−M(w̄)]Tz

−{−γM(w̄)T ′z −γ[M(w̄ + w′)−M(w̄)]T z}
= −γM(w̄)(T −T ′)z−γ[M(w̄ + w)−M(w̄ + w′)]T z

−γ[M(w̄ + w)−M(w̄)]Tz . (A6)

The tendency of Eq. (A5) reveals the full effect of
nonlinear temperature advection in modulating the SSTA.
This nonlinearity includes not only the nonlinear terms
−uTx − vTy − γ[M(w̄ + w) −M(w̄)]Tz of the nonlinearly in-
duced temperature advection change (Ψ −Ψ ′) but also its lin-
ear terms −ū(T − T ′)x − v̄(T − T ′)y − (u− u′)T x − (v− v′)T y
and −γM(w̄)(T −T ′)z −γ[M(w̄ + w)−M(w̄ + w′)]T̄z, and the
linear damping term −αs(T − T ′). In these terms, the non-
linearly induced SSTA changes are measured by not only the
nonlinearly induced temperature advection change Ψ −Ψ ′ =

(Ψh −Ψ ′h) + (Ψv −Ψ ′v), but also by the damping term change
−αs(T −T ′). Equation (A5) demonstrates that the influence
of nonlinear temperature advection is driven by the NTA
change, where NTA is equal to Ψ −Ψ ′, and Ψh −Ψ ′h and
Ψv −Ψ ′v represent the horizontal and vertical components of
the NTA, respectively.

APPENDIX B

The OFV Approach

Consider the following nonlinear partial differential equa-
tion: 

∂uuu
∂t

= F(uuu, t) ,

uuu|t=0 = uuu0 ,

(B1)

where uuu(xxx, t) = [u1(xxx, t),u2(xxx, t), . . . ,un(xxx, t)] is the state vec-
tor, F is a nonlinear operator, uuu0 is the initial state, (xxx, t) ∈
ΩΩΩ× [0,T ], ΩΩΩ is a domain in Rn, T < +∞, xxx = (x1, x2, . . . , xn),
and t is time. For the given initial field uuu0, the solution to Eq.
(1) for the state vector uuu at time τ is given by

uuu(xxx, τ) = MMMτ(uuu0) . (B2)

The model described by Eq. (B1) can be used to predict the
motion of the atmosphere or ocean. However, errors are as-
sociated with this model and therefore yield prediction un-
certainties. To superimpose a time-variant external forcing
to offset the effects of these model errors, one must obtain a
proper external forcing fff (xxx, t) for Eq. (B3) to force the model
to agree with observations:



∂uuu
∂t

= F(uuu, t) + fff (xxx, t) ,

uuu|t=0 = uuu0 .

(B3)

Therefore, this problem can be expressed as a nonlinear op-
timization problem. The optimization problem can consider
that certain fff (xxx, t) are chosen to minimize the differences be-
tween the model simulation and the observations. An external
forcing should be chosen to satisfy the following optimization
problem:

J( fff min,ti ) = min‖MMMti+1−ti ( fff ti )(uuuti )−uuuobs,ti+1‖ , (B4)

where ti, ti+1 ∈ [t0, tk], MMMti+1−ti ( fff ti ) is the propagator of Eq.
(B3) from time ti to ti+1, and uuu = MMMti−ti−1 ( fff min,ti−1

)(uuuti−1 ).
Note that the time interval [ti, ti+1] is not necessarily a time
step of numerical integration, but may represent several days,
a month, or a season, among others. An external forcing (vec-
tor) fff min,tk−t0 = ( fmin,t0 , fmin,t1 , fmin,t2 , . . . , fmin,tk−1 ) can be ob-
tained from Eq. (B4). This forcing vector fff min,tk−t0 repre-
sents the OFV, which produces model simulations closest to
observations during the time window [t0, tk].

For a given norm, Eq. (B4) defines an unconstrained op-
timization problem, with the OFV fff min,tk−t0 representing the
minimum point of the objective function in the phase space.
We note that the OFV is still time-independent during the
time interval [ti, ti+1]. Therefore, the OFV can be computed
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as a constant FSV, as proposed by Barkmeijer et al. (2003),
by using the limited memory Broyden–Fletcher–Goldfarb–
Shanno (L-BFGS; Liu and Nocedal, 1989) algorithm. This
algorithm adopts the gradient-steepest descent method and
finds the minimum value of an objective function, in which
one needs to calculate the gradient of the objective function
with respect to the external forcing. The approach of Feng
and Duan (2013) is used to numerically compute the gradient
of the objective function with respect to the external forcing
[see Feng and Duan (2013) for more details of this approach].
Using this gradient information, we can compute the OFV of
a numerical model using the L-BFGS solver.
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