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Abstract：The dynamical systems associated with fluid particle motion of the qth order(q=3 or 6)

quasi’symmetry flows are studied by using the Melmkov method．It is suggested that the quasi-sym—
merry flows(q=3 or 6)have chaotic and resonant stream lines under proper conditions，which。ana—

lyrically，is given in this paper．
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1．Introduction

Turbulence is understood to be a chaotic phenomenon in hydrodynamics according to the

point of view of nonlinear dynamics．People hope that the chaotic traj ectories of a real fluid

motion can be found in the physical Euclidean space rather than in the phase space．The cur—

rent booming development of the works in the field of Lagrangian turbulence(or chaotic ad—

vection)belongs to this kind of efforts[1’8’91．So called the Lagrangian turbulence，it means

that the stream lines are arranged chaotically in Euclidean space，where the famous ABC flow

[2’12|is a standard example of the Lagrangian picture．

If the Eulerian velocity fieldV(x，Y，z)=(V。，V。，V。)of a fluid motion has been known，

we can use the equations

瓦dx=甓=瓦dz—d￡ (1)
亿 V。 V：

～ ⋯

to investigate the paths of the fluid particle motions and their properties．The Lagrangian de—

Received date：Nov 24，2003

Foundation item：State Key Laboratory Research Project(40023001)，National Nature Scientific Founda—

tion of China(40233029)and Foundation of Institute of Atmospheric Physics(8一0412)

Biography：DUAN Wan-suo，male，Han。Shanxi，associated professor，engages in climate predictability．

  万方数据



604 MATHEMATICA APPLICATA 2004

scription of the motion of(1)is a set of three—dimensional ordinary differential equations：

=u(z，y，z)，堂dt—K(z，y，z)，否dg— V：(z，Y，z)．
(2)

In this system．”phase space”is referred as’’configuration space”．And the orbit of individual

particle can be marked and followed．In Zaslavsky et a1．[1¨。the authors discussed the field OI

velocities defined by the following expressions：

E：～挲+e。inz，
dy

u=筹⋯。sz， 。’

V：一缈，

where s is a parameter，the function 9=9(z，y)satisfies the tWO—dimensional Helmho—hz e—

quation：

V29+哆=0． (4)

The flows of(3)。satisfy the incompressibility condition divV=0 and the Behrami condition

rotV=一V。which are an appropriate generalization of the ABC flows．If choosing the follow—

ing expression：望=幽 where R(x，Y)is the coordinate vector，and ej=

{coS等'Sin挚)a⋯nit vectors that shape a regular旷star'the flows。f(3)。are ofthe
symmetry of the qth order，or quasi—symmetry．When q一3 or 6，Zaslavsky et a1．[11]has pro—

vided the evidence for the existence of chaos in the systems(3)。with￡≠0 through numerical

experiments．Furthermore，if the chaotic and resonant behavior of the symstem can be under—

stood theoretically，it will be more significant．However，tO the best of our knowledge，no pa—

per has paid attention tO this problem of(3)。．

In this paper，our aim is at the investigation of the analytical criteria for the existence of

chaotic and resonant stream lines of the above quasi—symmetry flows(3)。．By using the

Melnikov methodIs，l0j．we obtain the conditions under which there exist the chaotic and reso-

nant solutions of the system(3)。in the sense of an generalization of the planar Smale—Birk—

hoff homoclinic theorem[33．

2．The Analysis of Unperturbed System

The qth(q=3 or 6)quasi—symmetry flow with the field of velocities(3)is as the fol—

lowing dynamical system[11|：

主一√琵。s号sin等y+∞sinz，
‘一一· 一sin要 -y—ebcoszY slnx sin COS Y ， (5)。一 一 百 一 ’ k0，

‘J -

知C，OSX+2c。s号c。s譬y，，‘J “

where n and b are perturbed parameters，0<￡《1．By using transformation

(z，西，屈，瓶)一(灿，W，r)，

、，＆“∞
。∑洋
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the system(5)。can be rewritten into

矗=c。s詈sin号+跚sin雩劭，砧2 cos虿8m虿十跚S1n亏劭’

(sinmi哮。s号)一。s铷
南一c。s乱+2c。s号c。s号．

Clearly，when E=0，the first and second equation of(6)。form a Hamihonian system

which has the first integral

· “ ． W

“一cos百8m i’

(8iM+sin号c。s号)，

H(“，口)一c。s“+2c。s詈c。s号一h．

／／／—＼＼、＼
f ＼

蛔一谚、＼

念荪／／、 j l 厂

(6 J

(7)

(8)

The system(7)is 4了c—periodic in乱and口respectively，SO the state variables(“，口)can be

regarded belonging tO a two-dimensional torus T2=S1×S1，where S1=[一2n，27c]with一

2 7t and 2Ⅱidentified．

The flows defined by(7)is plotted in Fig．1．On the two-torus r，there exist six—

centers：01(O，O)，C1(一4／37，O)，c2(4／37，O)，C3((一2／37，一2兀)and(一2137，27)are identi-

fled)，C4((2／37t，--27r)and(2／3rr，2丌)areidentified)andol(0ll(一2丌，2兀)，0k(一27r，一27r)，

023(27c，2兀)and 024(一2了【，2兀)are identified)．There exist six saddle points：P1(一7c，一丁c)，

P2(O，一2,0 and P5(O，2丌)are identified，P3(7r，一7c)，P4(7c，7c)，P6(一7c，丌)，Ql(一27【，O)and

(矗(27c，0)are identified．It is easily demonstrated that the straightlines乱一一丌，“一7c，口=27r

+“，口=一27t—U，可一一27t+U and_一27t—ttare invariant manifolds，which form heteroclinic

orbits of(7)．These straightlines partition T2 into six period annuluses，which are full of faro—

ilies of periodic orbits of(7)．For the above equilibria，the corresponding Hamiltonian quanti—

ties defined by(8)can be calculated：
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H(01)一H(02)；3，H(C-)=H(Cz)=一3／Z，

’H(Q1)一H(Qt)=一3／2，H(Pt)=一1，i一1，2，⋯，6．

Consequently，depending on different Hamiltonian values h，the parametric representations
t-‘

periodic families and heteroclinic orbits can be obtained：

(I)The family{矸}of closed orbits surrounding 01，h∈(一1，3)：

“1(r)一2arctanbl cn(．01 r，忌1)，

口-(r)一一2arcsin—20,了bx s耳n(O雨1 r,示k x)露dn(矿121 r,k1)，
where

是；=

岛一

and kl·l as h·一1；k÷0 as h÷3．

4√3+2矗
’———————————————————————————————一●

以了再历i丽
~／3+2^一1
————=======————一，

(II)The family(n)of closed orbits surrounding 02，h∈(一1，3)：

“2(r)=27c+2arctanblcn(Olr，k1)，

删2(r) 2代一2arcsin堡堡些坚垡些些．
41+6；cn2(01r，五1)

C1early，the periodic。rbits{n}and{砖}have the period T。(走，)一些碧for a fixed惫1一
是l(h)，where K(k1)is the complete elliptic integral of the first kind．When h increases from

一1 to 3，丁l decreases monotonously．

(III)The families{砖)and{一)of closed orbits surrounding C1 and c2，h∈

(一3／2，一1)：

where

U3，4(r)=±2

口3．4(r)一±2arcsin
n2忌 (n2r，k2)

踢』生盟磐，
忌；一

4~／3+2^

3一h2—L 2坟一与、／--2h需--2 v／3+2h，
and k2÷0 as h÷一3／2，忌2—1 as h÷一1．

(Ⅳ)The families(砖)and(n}of closed orbits surrounding C3 and G，h∈(一3／2，一1)：

zf5。6(r)一千2arctan
b2

—d’—n。—(“O。——z——r——,—k“‘z。—)’‘

鬟
lI

万

)出一奶如。i“若幽
眦

乜

吲

“

吨

亿

丌

汀

  万方数据



n

越=

一sin争忑森2cos ’

cos乱+ 姜cos旦

∞

了虿峙；．一一s旦2一∞s一2∞～+

～
瞄

  万方数据



——6—08————————————— MATHE—MATICA
APPLICATA

2。04———————————————————————～ 竺!
^<一1 respectiVely，where Ai 2—并(i一1，2)，and--w for r when^一～1．

一，!。w?e
compute‘he subharmonic Melnikov functi。n[6’10]0f the peri。dic。rbitS

in{矸)，h3 b—l<<'y using the resonant condition
”“’

where

and

T，(^)一业掣：2而兀．n ⋯o“”“。

^2Ml(一r㈣卜sinu(r)+sin掣cos字)sin譬c～，
吨。s字sin半cos譬cr㈨卜

叫^“矾1)“砌，1)“。(引))si9知，

Jll(砌)=口r’sin如)cos集如
J 0 X

一

一五abl
l h l_U

i cn(s,岛)耵+巧cn丽(s,k丽1)]c0S篆出2丽而2a丽bl，r sin赢sech蔷sin警，m is odd；
J13(m，1)一一T u’c。。“(r)sin掣。ingdr

o Z 3’～

=--t．6—1]h I—F2K⋯F—d岬n(s,㈦ka)雨+再d且n(毗s,k1)忌，)严-]篆d。
2而斋器希cos意sech蔷sin警，m is odd,

，12 c础，一∥0’sin掣z cos掣瞄知rJ y 气’一‘

(10)

(1t)

一鲁E唑业受萼磊孺匦甄。。篆d．s川is odd，^l J～2K 1+6；c乖(s，五，) ～cos 1：i1：尹'，恕 ，where斌2禹，an‰¨一后嘉燕纛。<⋯肌扣
From the above discussions，it is easily shown that the condition
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turbed system bifurcate odd number order resonant

For the resonant periodic orbits{砖)，一3／2<珊)一半
orbits in perturbed system．

h<一1，the resonant condition iS

一2 VSm7c． (13)

Similarly their subharmonic Melnikov function can be computed easily．For every k2一k2(优，

1)defined by(13)and the periodic orbits{n)．(where h=h(k2))，the corresponding sub—

harmonic Melnikov jS

where

慨c叫，2r[口sinu(r)+sin字cos字)sin譬cr+硼，

咄。s半sin半cos譬crⅧ卜
刈。。(引)“：(州)“。(引))sin争，

凡(训)一口r’sin比)cos霉池
J O d

一 幻2 fK r dn(s，k2)
A2(1+b；)J—K 1一位sn(s，k2) +考躺sn(s k]coS塑K出’l+尼 ，。)f⋯ 一

(14)

一鬲差南再cos志s砒焘cos萼2训s even，Az(1+磋)~／l一盛 √3A：√飘。

J32(m，1)：n T2“’。in掣c。。犁c。s车dr
v o 二 Z J

一一堕2z Jr-K逝里亟鼍甄恶萨雯堕匦cos百7r／nsA2 “
J( D；十dn。‘s，七2) K

m iS even．

and

J33 c引，一bfff2(h)COS半sin孚cos知r=警[唑业尝掣cos型“礼even,K b dn KA2 J一 ；+2
⋯ 一’⋯”

where盛=再kzZ缆,dn(s0,kz)=／—3 h2 2—，‰<㈣肌。)一瞄瞒
一~／1一是；，h and k2 satisfy(13)．Similar to the case of{矸)the condition

’厂；。(m，1)+J；2(rn，1)+Ji。(m，1)≠0 (15)

holds．The function M3(叫)has simple zeros，which indicates that the periodic orbits砖一一
bifurcate even number order resonant stream lines in the perturbed system．

The above results can be outlined as follows：

Theorem 1 For the perturbed system(5)。，0<￡《1，the resonant orbits矸and—of the

corresponding unperturbed system bifurcate old number order periodic resonant stream lines，

and the resonant orbits n—n bifurcate even number order periodic resonant stream lines．

4．The Chaotic Stream Lines of Perturbed Systems
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By using the parametric expression given by section 2 and 3，the Melnikov function along

the heteroelinie orbits can be obtained：

M(叫)

(cos础，+zc。s字cos字)2

c。s比)+2c。s掣c。s掣一一1，
it can be reduced tO

肌，=仁"似卅sin字cos字)sin譬cr+叫，
咄。s字sin孚cos譬cr+训，1dr．

Using the parametric expressions(V)and(VI)in section 2 and the formula

E卜争触专卜=2删c崞兀，
we obtain

MP，P。(驯)一MP。Q2(训)=一Me,v。(叫)=一M舀，P，(叫)

．=f焉鲁sech迮3十n(线3+T—o)，．1棚孺⋯“r‘＼～／’
My，巳(硼)=MP。Q1(硼)一一M岛P，(硼)一一M≥。^(硼)

=f高毒sech垣3兀：f——旦～sech业7【l枢酽可 一 sin(参一和)，

dr．

MP。P4(叫)一一MP6P，(训)一2a7csech 7【sin辱叫，
where tan咖一b／3a．It is easily seen that each of these Melnikov functions has simple zeros

when ab≠0．This indicates that there exist transverse heteroclinic six-cycles and transverse

three-cycles for Poincare map of(9)．It follows the existence of transverse homoclinic points

of(9)(see[3])．So we have the following conclusion：

Theorem 2 For0<e《1，ifab≠0，then the system(5)。has chaotic stream 1ines in the

sense of the existence of the Smale horseshoes．
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准对称流的混沌和共振流线

段晚锁1，李继彬2

(1．中国科学院大气物理研究所LASG，北京100029；2．昆明理工大学非线性科学研究中心，

昆明650093)

摘要：采用计算Melnikov函数的方法，研究了描述q西(q=3或6)准对称流流体粒子运

动的动力系统．文中在分析未扰动系统轨道解析表示的基础上，深入考察了扰动系统的分岔情

况．结果表明，扰动系统在一定条件下能够分支出混沌和共振流线．

关键词：共振流线；混沌流线；Smale马蹄；异宿环
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