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Abstract : The dynamical systems associated with fluid particle motion of the gth order (¢ = 3 or 6)
quasi-symmetry flows are studied by using the Melnikov method. It is suggested that the quasi-sym-
metry flows (g = 3 or 6) have chaotic and resonant stream lines under proper conditions,which, ana-
Iytically,is given in this paper.
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1. Introduction

Turbulence is understood to be a chaotic phenomenon in hydrodynamics according to the
point of view of nonlinear dynamics. People hope that the chaotic trajectories of a real fluid
motion can be found in the physical Euclidean space rather than in the phase space. The cur-
rent booming development of the works in the field of Lagrangian turbulence (or chaotic ad-
vection) belongs to this kind of efforts!»®%, So called the Lagrangian turbulence, it means
that the stream lines are arranged chaotically in Euclidean space,where the famous ABC flow
[2.12] i5 a standard example of the Lagrangian picture.

If the Eulerian velocity field V{(z,y,z) = (V,,V,,V.) of a fluid motion has been known,

we can use the equations
o = =5 = dt ¢V

to investigate the paths of the fluid particle motions and their properties. The Lagrangian de-
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scription of the motion of (1) is a set of three-dimensional ordinary differential equations:

dx d d
E='—V1(x,y,z),a%"“——Vy(x,y,z),d—:=V,(x,y,z). (2>

In this system, "phase space” is referred as "configuration space”. And the orbit of individual
particle can be marked and followed. In Zaslavsky et al. **, the authors discussed the field or

velocities defined by the following expressions:

V, =— ¥ 4+ esinz,

dy
awv . 3
Vy = 5—5 — eCOSZ2,
V, = v,
where ¢ is a parameter, the function ¥ = ¥(z, y) satisfies the two-dimensional Helmho-Itz e-
quation;
Vir+w=0. 4
The flows of (3), satisfy the incompressibility condition divV = 0 and the Beltrami condition
rotV =—V, which are an appropriate generalization of the ABC flows. If choosing the follow-
q
ing expression: ¥ = ¢ Zcos(Rej) , where R(x,y) is the coordinate vector, and e¢; =

i=1

cos z?ﬂj »Sin gqﬂj} are unit vectors that shape a regular ¢ star, the flows of (3), are of the

symmetry of the gth order,or quasi-symmetry. When ¢ = 3 or 6,Zaslavsky et al. " has pro-
vided the evidence for the existence of chaos in the systems (3), with e 7 0 through numerical
experiments. Furthermore,if the chaotic and resonant behavior of the symstem can be under-
stood theoretically,it will be more significant. However,to the best of our knowledge,no pa-
per has paid attention to this problem of (3),.

In this paper,our aim is at the investigation of the analytical criteria for the existence of
chaotic and resonant stream lines of the above quasi-symmetry flows (3),. By using the
Melnikov method[®'%! ,we obtain the conditions under which there exist the chaotic and reso-
nant solutions of the system (3), in the sense of an generalization of the planar Smale-Birk-
hoff homoclinic theorem™],

2. The Analysis of Unperturbed System

The gth ( ¢ = 3 or 6) quasi-symmetry flow with the field of velocities (3) is as the fol-

lowing dynamical system?,

z = +/3cos Zsin “/——gy + easinz,

27 2
V3

y =— sinzx — sin Z cos L2y — ebcosz, €3

2 2
V3

. x
= co 2c0s —-co0Ss —
cosz + 5 R

where a and b are perturbed parameters, 0 < ¢ < 1. By using transformation

(x,«/gyn/gzn/—gt) — (us'lhwyf) ’
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the system (5), can be rewritten into

V3

N u . v .
u = CcOS —Sin — + ea sin Y—w,

2 2 3

2 2 3

o =— (sinu+sin lcosl)—ebcosﬁwv A (6,

- u v
w = cosu + 2cos —2—cos o

Clearly, whene = 0, the first and second equation of (6), form a Hamiltonian system

N u . v
U = COS —=SsIn

2 2
= (& in Xoos -2
v = (51nu+51n 5C0s 3 ), D)
which has the first integral
H(u,v) = cosu + 2cos %cos —27)— = h. €y

T T2 |
%6

O22 \

The system (7) is 4x - periodic in u and v respéctively, so the state variables (u,v) can be

Qz

regarded belonging to a two-dimensional torus T2 = S, X S, where S, = [— 2x,2x] with—
2x and 2x identified.

The flows defined by (7) is plotted in Fig. 1. On the two-torus 7%, there exist six-
centers: 0, (0,0),C,(—4/3x,0),C,(4/3%,0),C ((—2/3n, —2=x) and (—2/3x,2x) are identi-
fied), C,({2/3n, —2x) and (2/3x,2x) are identified) and O, (O (— 27, 2%n) yOpe (—2x» —27)
0O;; (2%, 27n) and Oy (— 25t,2x) are identified). There exist six saddle points: P, {— x, — =),
P,(0, — 2%n) and P5(0,2x) are identified, Ps;(w, — 7)), P, (s m) s Ps (=~ 7, n) ,Q, (— 2%,0) and
Q,(2%,0) are identified. It is easily demonstrated that the straightlines u =—x,u = n,v = 2x
+ u,v=—2x—u,v=—2%x+uand v = 2n— u are invariant manifolds, which form heteroclinic
orbits of (7). These straightlines partition T? into six period annuluses, which are full of fam-
ilies of periodic orbits of (7). For the above equilibria, the corresponding Hamiltonian quanti-

ties defined by (8) can be calculated:
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H(O,) = H(O,) = 3,H(C,) = H(C;) =—3/2,

‘H(Q,) = H(Q,) =—3/2,H(P;) =—1,i =1,2,-,6.
Consequently,depending on different Hamiltonian values &, the parametric representations ~*
periodic families and heteroclinic orbits can be obtained:

(D The family {I'*} of closed orbits surrounding O, ,h € (—1,3):
uy () = 2arctand, cn(Q; 7,4k, ),
2:bysn(fhzy k) )dn(Qiz,41)
V14 Ben® (Qizok1) '

v, (r) =— 2arcsin

where
o = V3T 2R
4 b3
p_ 2v/3F2h+3— N
! 4 /3T 2R

5 — N2 3F2h—2h
V3F+2h—1

andk, - 1lash-—+>—1;k— 0ash — 3,
(II) The family {I:} of closed orbits surrounding O, ,h € (—1,3):
u; () = 25 + 2arctand, Cn(ﬂlltykl ),
20,6, sn(y o k) dn( 7y k)
ﬂ +bzllcnzc-(21‘f9k1) ]

Clearly, the periodic orbits {I%} and {I;} have the period T,(k,) =

v, () = 27w — 2arcsin

4K (k)
(h

ky (h), where K(k&;) is the complete elliptic integral of the first kind. When & increases from

for a fixed &, =

—1 to 3, T, decreases monotonously.
(III1) The families {I*} and {I} of closed orbits surrounding C, and C, , h €
(_ 3 /2 [ 1) H
2

_ v
us, (z) ==+ 2(1r -+ arctan dn, e k) ) ’

V.4 (‘l‘) =+ 2aresin .sz§ Sn(QzZ’ykz )Cn(ﬂz‘t,kz )dn(nz‘t,kz) s

\/b% ~+ dnz (-ta9k2)

where

s _+3—h*+2./3+2h
2; = s
16
b= 43T
3—hE4+2 /3+2A
b —— Y—2h—2 I+ 3R
V3+2h+1
and k, > 0ash >—3/2,k, > 1lash —>—1.
(IV) The families {I?} and {I%} of closed orbits surrounding C; and C, ,h € (— 3/2, —1);

b
dn(ﬂzr,kg) ’

us,s () =7F 2arctan
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QR sn(Qotrk:)en( 2, vy k2 )dn( Q75 k2)
JB% + dn? (\Qz T9k2)

vs,6 (7) = 25 & 2arcsin

The periodic orbits {I't} — {I't} have the same period T, (k) = Z—K{;—kz—) It is easily shown
2
that when k increases from —3/2 to —1, T, increases monotonously.
(V) The six heteroclinic orbits surrounding O, ,h =— 1.
u(z) =— 2arctan{e”?), u(r) = 2arctan(e ¥?),
Pl P2 : P2 P3 :
v(z) =— 2n + 2arctan(e”?), v(z) =— 21 + 2arctan(e "?),
P.P,: u(r) = rn, PP, u(z) = 2arctan(e”?),
v(7) =— x+ 4arctan(e™™?), v(7) =— 2% — 2arctan(e”?),
u(z) =— 2arctan(e %), u(r) =—mn,
P; P . A 61 /2
v(z) =— 2% — 2arctan(e %), v(7) =— x + 4arctan(e”?).
(VD) The six heteroclinic orbits surrounding C, and C, respectively
P.O u(r) =— x — 2arctan(e”?), u(r) =— x — 2arctan(e %),
et {'U(Z‘) = 5 — 2arctan(e’?), e {'v(z') =— 5+ 2arctan(e ¥?),
u(r) =—nx u(r) = n + 2arctan(e %),
P, P, o P " L
v(tr) =— n + 4arctan(e”?), v(zr) = = — 2arctan(e 7%),
o.P u(r) = n -+ 2arctan(e”?), ulo) = =,
P {'v(r) =— q+ 2arctan(e¥?), = {'U(r) =— 5 + 4arctan(e %),

3. The Resonant Stream Lines of Perturbed System
In this section,we investigate the existence of the resonant stream lines of (6), by emplo-

ying Melnikov function. Firstly rewrite the system (6), into the following form.

cos =sin — sin Ew
r 2 2 3
“ = u v T ea u v’
cosu -+ 2cos Ycos 5 cosu -+ 2cos —2~cos >
— (sinu + sin —Zu—cos % ) cos %—-gw
v = u v —e u v’ 9
cosu + 2¢cos ?cos 5 cosu + 2cos —é~cos 5

nin

where is the derivative with respect to w. It is easily derived that the system (9),_, is a

integrable Hamiltonian system and has a first integral (8),i. e. cosu + 2cos —Zu—cos —;— = h,

From the results obtained in section 2,it is clear that the system (9),_, has the same

equilibria as the ones of (7),and their phase-portraits are also common except that " w " is

the new "time" variable, where,in fact, w satisfies the equation dw _ h. Hence,if taking the

dr
initial value as w,, then w = w, + hr. To facilitate the following discussions,without loss of
generality, we suppose w, = 0.
Based on all above these analysis, the parametric expressions of orbits of (9),-, can be

easily obtained by substituting A;w for 2,z when— 1 << h <C 3 and A, w for Q2,7 when — 3/2 <
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o
| & |

Now we compute the subharmonic Melnikov functiont®*? of the periodic orbits in {I}},
P

h <<— 1 respectively,where A; = (:=1,2), and — w for r when h =— 1.

— 1 << h < 3, by using the resonant condition

41h| KD _ 5 3,0
o

For every k, = k, (m,1) defined by (10),using the formula of Langebartel

T(h) = (10)

7], the correspond-

ing subharmonic Melnikov function along the periodic orbit Iy (where h = h(k;) ) is derived

as follows:

T,
B2M, (w) =jo v [a(sinu(r)+5inu(2r)c s”‘f)) */_<r+w>

2
— becos u(2z') sin v(zz') cos £(r+w):|dt an
= (J1aGma D) + T Gmy D + T3y Gmy 1)) sin Lo,
where
)
Ju(m,1) ~aj 1 sinu(z)cos “%gz-d'c
_ ab1 l k | J. cn(s,kl) Cl’l(S,kl) mxs
T0,Q+8) [1— v sn(s, k) 1 +ﬁlsn(s,k1):|co 2K ds
2ab, x ech K sin 2%, m is odd;
A+ 8 JE ;f \/‘/h V3 2
T, (R
Jis(m,1) =—bj " cosu(r)sin 27)51n%_rdr
0
_—b | k| 2% dn(s.k;) dn(s,k;) i TS g
].+b% —ZK[I_ﬂISn(S’kI) 1+Blsn(s,k1):| 2K
— 2&hx % _sech sin 2% mis odd,
A SATDAB B 2
and
T (k)
Jiz(m,1) —aJ’ sin E—(—Qcos vlz) cos 1/—§rdt
2 2 3
“ﬂjzx en(s,ky) /1 +bicen? (s, k) — 4020 sn” (s,k, )dn® (s, k) mns s od
_ o T et Co B0 cos S ds,m is odd,

2 __ - ,
where @ = —8_ dn(sp.b) = |— B —83F2V3+2h 5 o« KK k) =
1+b 22+ h) V3T 2h—6— 4k

K ),k = /T —E ,h and &, satisfy (10).
From the above discussions,it is easily shown that the condition
JhGm, D+ JHGm, 1) + J4(m,1) 20 a2z
holds. The function M, (w) has simple zeros. Based on the generalization of planar Smale-
Birkhoff homoclinic theorem to the case of a heteroclinic saddles connection containing a fi-

nite number of fixed points' ,it is concluded that the periodic orbits I't and I'; of the unperc
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turbed system bifurcate odd number order resonant orbits in perturbed system.

For the resonant periodic orbits {I%}, — 3/2 << h <{— 1, the resonant condition is

ﬂ"iz—K(’izl = 2/3mn. (13)
2

Similarly their subharmonic Melnikov function can be computed easily. For every k, = &k;(m,
1) defined by (13) and the periodic orbits {I}}. (where h = h(k,) ),the corresponding sub-

harmonic Melnikov is

T, (k) =

R M, (w) =J:2(h [ (smu(r) + sin /=~ u(z-) 08 ——= »wo) )sin %—g(t—l-'w)

2 2
— bcos u(Zz-) in %cosg(rﬂ-w)}dt (14
—_"(Jal(m’l) +Jaz(m71) +J33(m;1))5in%§w’
where
Ja1(m,1) =a.r2(h) sinu(7) cos ?rd‘[
dn(59kz) dn(s,k;) mms
a2<1+b2)J [l—ﬂzsn(s,kz)+1+stn(s,k2):|cos K %

yis .
O0S —(/—» m 1S €Vel,

% _sech K c
Az(l+b2) \/1— ’\/_3—/12 \/§A2

Top Gy 1) ~ar Ul)sin% os ”;f)cos“/{rd

_@jx VbE + dn? (s,k,) — gkésnz(s,kz)cnz(s,kzdnz)(s,kz)COSmnsds
B + dn? (s, k,) K 7’

m 1is even,

and

T,(h)
Jss(m,1) =— bj * cos %T)sin 20 o ﬁtdr
0

2 3
=bﬂzk§r sn(s,k,)enls, by )dn® (s, ky) mmsy e
Az —K b2 + dn? K ’ ’
— B2 ’ ’
where % = 1+bz,dn<s<,,le 2 —f’ W2 EER sy < Kho) K G) = KD WE,
= /1 —k; ,h and &, satisfy (13). Similar to the case of {I}} the condition

holds. The function M, (w) has simple zeros,which indicates that the periodic orbits I'; — I't
bifurcate even number order resonant stream lines in the perturbed system.,

The above results can be outlined as follows:

Theorem 1 For the perturbed system (5),,0<e < 1, the resonant orbits I} and I'; of the
corresponding unperturbed system bifurcate old number order periodic resonant stream lines,
and the resonant orbits I — I bifurcate even number order periodic resonant stream lines.

4. The Chaotic Stream Lines of Perturbed Systems
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By using the parametric expression given by section 2 and 3, the Melnikov function along

the heteroclinic orbits can be obtained:

i J-m (Slnu(r) + sin u(zr) cos '0(21) )51 J_(r +w) — u(zt) sir; 1(éQcos \-/g(ij +w)
(w) = dr.
B (cosu(z') + 2cos u(z) cos v(z) )z
2 2
Since

u(z) cos ()

2 2z~ b

cosu(z) + 2cos

it can be reduced to

M(w) -:Jf [a(sinu(r) + sin u(t)cos vlz) )sin “Lg-g(r-# w)

2 2

u(zz') sin 'v(zz') cos £(r + w) :'

Using the parametric expressions (V) and (VD) in section 2 and the formula

— bcos

Jio [cos %—gr/ch —;—]dt = 21tsech~/?§‘m

we obtain
Mplpz (w) =Mp 2 (w) =~ MP Py (w) =— Mle1 (w)

= - +bzsechf sin(“/?gw—l—q;o),
v 9a®

MPZP3 (w) =MP6Q1 (w) =-— AszP3 (w) =— M}°5}’6 (w)

_ ™ V3 ). /3
__msech sin (%—w — @ ) ,

Mp,p, (w) =— Mpp, (w) = 2ansech \—/——nsm\/?—w,

where tang, = 8/3a. It is easily seen that each of these Melnikov functions has simple zeros

when ab £ 0. This indicates that there exist transverse heteroclinic six-cycles and transverse

three-cycles for Poincare map of (9). It follows the existence of transverse homoclinic points

of (9) (see [3]). So we have the following conclusion:

Theorem 2 For0<<e<€1, if ab 7 0, then the system (5), has chaotic stream lines in the

sense of the existence of the Smale horseshoes.
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