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Abstract：Linear singular vector and linear singular value Call only describe the evolution of

sufficiently small perturbations during the period in which the tangent linear model is valid．

With this in mind，the applications of nonlinear optimization methods to the atmospheric and

oceanic sciences ale introduced，which include nonlinear singular vector(NSV)and

nonlinear singular value(NSVA)，conditional nonlinear optimal perturbation(CNOP)，and
their applications to the studies of predictability in numerical weather and climate prediction．

mle results suggestⅡ1at the nonlinear characteristics of the motions of atmosphere and oceans
Call be explored bv NsV and a脚．Also attentions ale paid to the introduction of the
classification of predictability problems，which ale related to the maxilnuln predictable time，

the maxilliuin prediction elTor，and the maxilTlUn'l allowing elror of initial value and the

parameters．All the information has the background of application to the evaluation of

products of numerical weather and climate prediction．FurthemaoFe the nonlinear optimization

methods of the sensitivity analysis with numerical model ale alSO introduced，which can give
a quantitative assessment whether a numerical model is able to simulate the observations and
find the initial field mat yield the optimal simulation．FinaUY．the difficulties in the lack of

ripe algorithms are also diSeussed，which leave future work to both computational

mathematics and scientists in geophysics．
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Introduction

Numerical prediction of weather and climate essentially consists of solving a set of partial

differential equations，which is usually referred aS a“model”in our scientific literature，with

proper initial and boundary values．Due to the great difficulties for the theoretical study posed by
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the complexity and nonlinearity of atmospheric and oceanic motions，numerical modeling has

become a common approach in the world．Consequently。numerical model shows its superiority
in scientific background for the task of nl】m甜cal weather and climate prediction．But the

inevitable model deficiencies and initial errors will cause the uncertainties of forecast results．，111e

studies of these uncertainties have become known as“predictability problems”．which can be

traced back to the last century，some fundamental notions can be found in Refs．1 1，2 l，and the

latter Ref．I 3 1．Uhm now，the predictability problems of numerical weather and climate

prediction ale still one of the important subjects，e．g．，the well-known international research
programme on“Climate Variability and Predictability(CLrVAR)”．

Many authors employed linear singular vector(LSV)and linear singular value(LSVA)to

investigate the predictability of atmospheric and oceanic motionsL4,5 J．Usually，it is assumed that

the initial permrbation is sufficiently small such that its evolution can be governed by the tangent
linear model(ⅡM)L6J，which is derived by linearizing the corresponding nonlinear model about

a basic solution．For a discreteⅡM，the forward propagator call be expressed as a matrix，and
computing the LSV is reduced to calculate the singular vector corresponding to the maxililutn

singular value of the matrix．LSV and LSVA were proposed by LorenzLoo to study the

predictability of atmospheric motion．Then they were also utilized to study the finite—time linear

stabilityt，o and to construct the initial perturbations field for the ensemble forecast at the European
Center for Medium-Range Weather Forecast(EI四册)．Recently，this method has been used to
find out the initial condition for optimal growth in a coupled ocean-atmosphere model of E1 Nino—

Southem Oscillation(ENSO)，in an attempt to explore eH'or growth and the predictability of the

coupled modelL8，州．

皿1e motions of atmosphere and ocean ale nonlinear and complex and are usually governed
by complicated nonlinear model．LSV and I．SVA are established on the condition that the

evolution of the initial perturbation can be described approximately by the linear version of the

nonlinear model．Tms raises a few questions concerning the validity ofⅡM．Although there
have been a few papers to address these concerns，their conclusions are accordant，that is，

determining the validity of卫UⅥin advance is dif!fkult and essentially empirical LⅢ一]2J．

Therefore，in order to investigate the effect of nonlinearity on the predictability of atmospheric
and oceanic motions。based on the research for several decades，Mu and DuanL 13，14J proposed the

concepts of nonlinear singular vector(NSV)and conditional nonlinear optimal perturbation，
which are discussed in detail in Section 1 and Section 2 respectively．

According to the factors causing the uncertainties of forecast results，the predictability

problems are usually classified into two types，the first kind of predictability，which is related to

the initial errors。and the second kind of predictability，which is to the model errors LDJ．皿1e

definition of model errors varies with the different authorsL 16J．In this paper，we adopt the

following one：If the initial value of the model is the true state，then the difference between the

value of the forecast and the true state at the prediction time is called model errorLl7 J．From this

defmition，it is easily seen that there are many factors causing model errors．However，in this

paper，we only consider the errors of the parameters in the model，which is generally regarded as

one of the main problems in the modelL
1
o|．On the basis of practical demands．Mu et a1．L

100

classified the three problems of predictability，which are referred to in Section 3．
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Initial errors and model errors are the dominant factors causing the uncertainties of forecast

results．In order to reduce and identify them from the model，the meteorologist performed

nulnerous works with sensitivity analysis．Usually，there are three approaches utilized in

sensitivity analysis：numerical simulation，adioint method，and LSVL l卜20J．For the approach of

numerical simulation，it is often blindfold and empirical in the process of choosing the control

experimentsLnJ．皿le adioint method and LSV are based on the tangent linear model．which can

only describe the evolution of small perturbations in the time period，in which the tangent linear

model is validL221．In Section 4，the authors will introduce the preliminary applications of

nonlinear optimization method to the sensitivity analysis of the numerical model．

1 Nonlinear Singular Vector and Nonlinear Singular Value

The model，which govems the motions of amaosphere and ocean，can be written as the

following partial differential equations with initial and boundary values，

f瓦8w¨(w)_o， (1)
【W J‘：o：Wo，

where w(x，t)=(W1(x，t)，埘2(工，t)，⋯，1,0。(x，t))，x=(石1，菇2，⋯，菇。)，(工，t)∈Q X

[0，丁]，T<+oo，t is the time，F a nonlinear operator，WO the initial state andQa region in R“．

Throughout this paper，the initial value problem(1)is assumed to be well posed，which

means that for each initial value WO，there exists a unique solution of Eq．(1)which depends Oil

wo continuously．

Let Uo be the initial value of the basic state U(z，t)．If Uo(x)is the initial perturbation

superposed on Uo，Uo+Ho will evolve into U(x，T)+H(工，T)at time T．Then H(工，T)is
the nonlinear evolution of initial perturbation即o(x)．
The initial perturbation H盎is called the first nonlinear singular vector(Nsv)，or the

nonlinear optimal perturbation superposed on the basic state U(x，t)，if and only if

m10)=m～ax情u掣o． ㈤
～ l| ||

The positive square root of I(1。0)is the nonlinear singular value(NSVA)，which represents the

growth rate of the first NSV in terms of the chose n01Tll¨I|．Here it is worthwhile to point out
that there could exist several first NSVs corresponding to the first NSVAEl 3f．

In addition to the first NSV defined above，we can also define the second NSV，”高，by

investigating the following conditional n疵ulil problem：，(球盎)=吒m。a《x样， (3)
吒』^o fI“O ff

where“o—LH未me=：tns uo is orthogonal to all first NSV Ul’0，the positive square root of，(U2。0)

is called the second nonlinear singular value．Obviously，the nth(n=3，4，⋯，凡)NSV and

singular value can be defined in this manner step by step．

The two-dimensional quasi—geotropic model WaS used to study the NSV and NSVA。引．The

numerical results demonstrated that if the first NSV in terms of the chosen norlil was sufficiently

sinall，it could be approximated by the LSV．But for the large nonlinear optimal perturbation，the
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tangent linear model could not be used to describe its nonlinear evolution．Besides some types of

basic states，them existed local nonlinear optimal perturbations，which corresponded to the local

maxirnuln values of the functional I(Ⅳo)．However there was no such phenomenon in the case of

LSvs and LSV砖due to the absence of the corresponding TLM．These local nonlinear optimal

perturbations usually possess larger norms compar．xt with the first NSV．which corresponds to the

global iI豳unl value of functional j(Mo)．Although the growth mte of the local nonlinear
optimal perturbations are smaller than the In'st NSVA．their nonlinear evolutions at the end of the

time inteⅣal are considerably greater than that of the first NSV in terms of the chosen norm．In

this case，the local nonlinear optimal perturbation could play a more important role than the global
nonlinear optimal pcmtrbation in the study of the predictability．

Recently DlIl：rbianoL24J successfully computed the first si)【NSVs of a shallow water model．

and compared them with the LSV to explore the difference between them．

It is clear from Refs．I 23，24]that for the predictability，we should find out all the local

nonlinear optimal perturbations，then investigate their effects on the predictability．But this is

inconvenient in practical applications．Besides，the local nonlinear optimal perturbations with

1arge norm could be insignificant physically．
～1 these weaknesses suggest that we should investigate the nonlinear optimal perturbation

with constraint conditions．

2 Conditional Nonlinear Optimal Perturbation

Let U(x，t)and U(x，t)+u(z，t)be the solutions ofEq．(1)，of which the initial values

ale respectively U0 and己，0+球o，比。吐le initial perturbation on U(x，t)．For the chosen norm

⋯l，the initial perturbation H08 is conditional nonlinear optimal perturbation(CNOP)嘶J，if
and only if

J(uoa)=⋯ma。x。II坼(砜+u0)一坼(砜)II， (4)

where Mr is the numerical model，or the propagator from 0 to T，the inequaUty Il Ho II≤艿is

the constraint condition．It is easily shown from definition of CNOP that the nonlinear evolution

of CNOP is the maxinlunl among all the initial perturbations in I|即o|l≤艿．

In the above，the constraint condition is simply expressed as a ball with the given nornl

⋯|．Obviously，we can also investigate the situation that the initial perturbation belongs to
some functional set，or satisfy some physical laws．

2．1 Applications of CNOP to predictability of ENSO

E1 Nino(La Nma)is a phenomenon of short-term climate variation happening in the tropical
Pacific Ocean．Usually the annual mean sea surface temperature(SST)over the equatorial Pacific

takes on a strong asymmetry between the relatively walTn westem part of the basin，the region is

called the WalTfl pool，and the cooler eastern basin，called the cold tongue．In some years，the

SST anomaly of the equatorial eastern Pacific is up to a few degrees，the phenomenon of which is
usually as E1 Nino(La Nina)．眦s phenomenon is associated with the atmosphere，and thus the
term ENSO(E1 Nino-Southem oscillation)that incorporates the southem oscillation phenomenon
is commonly usedL25J．Southern oscillation refers to a seesaw shift iIl surface air pressure at

Darwin．Australia and the South Pacific Island of删ti．When the pressure is high at Darwin it
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is low at Tahiti and vice versa．Though they originate in the tropical Pacific，they have an impact
on weather and climate globally．ENSO has to be regarded as an inherently coupled atmosphere-
ocean mode．

Conditional nonlinear optimal perturbation(CNOP)was used to study the optimal precursors
of ENSO event within the frame of a simple coupled ocean-atmosphere model for ENSO[矧．The
results suggested that for the proper constraint condition，the CNOPs of the climatological mean

state evolved into ENSO events more probably than the LSV．Consequently it was reasonable to

regard CNOP as the optimal precursors of ENSO events．Observed anomalous monthly mean SST

(oC)and depth of 20 oC isotherm(m)derived from NCEP ocean reanalysis for‰equatorial
eastern Pacific(50S一50N，150。一900W)region verified the existence of these optimal precursors

qualitatively．

The“spring predictability barrier”problem for ENSO event，which is one of the essential

characteristics of ENSO and means that regardless of when a forecast is started．at the time of the

year the anomaly correlation falls rapidly，was also investigated．In Ref．[14]，此CNOPs of E1
Nino and La Nina events were computed．The results suggested that the ellx)r growth was
enhanced in spring for E1 Nino event and suppressed in spring for La Nina event．That was to

say，there was a tendency of spring predictability barrier for E1 Nino and not for La Nina．And

the larger the initial perturbation was，the more notable the phenomenon of spring predictability
barrier was．There was also evidence in the paper of Mu and Duan[14]that LSV could only
describe the evolution of the sufficiently small pemarbation at the time interval when the tangent
linear model was valid．For the large initial perturbation，LSV could not disclose that the effect of

nonlinearity on the spring predictability barrier．Besides，LSV largely underestimated or

overestimated the error growth of ENSO．

To further investigate what causes the spring predictability barrier in the model，the CNOPs

of E1 Nino and La Nina events wim strong and weak-coupled ocean-atmosphere instability were

also computedo 14|．It was shown that the strong-coupled ocean-atmosphere instability during
spring of the year was one of the causes of the spring predictability barrier．Some sensitivity

experiments showed that the spring predictability barrier of ENSO event had the tendency for

phase—locking to the annual cycle of the climate mean state．

2．2 Applications of CNOP to sensitivity analysis of thermohaline circulation

The sensitivity problem of the ocean thermohaline circulation has been one of the
fundamental researches in climate variability．Due to the presence of several physically nonlinear

feedbacks processes that govem the evolution of the thermohaline flow，the thermohaline

circulation shows the strong sensitivity to the finite perturbations，which largely limits the

predictability of the thermohaline flow．Many authors employed the LSV to study the sensitivity
of the thermohaline to the initial perturbation[引．But the results obtained by LSV could not

explain the asymmetry which responds to the sign of fresh water perturbation．
In order to explore the effect of nonlinearity on the sensitivity of the thermohaline，Mu et

a1．E28]adopted CNOP approach to analyze the different sensitivities of the thermohaline

circulation to finite amplitude freshwater and salt perturbations．Within the frdIne of a simple
model for the thermohaline circulation，the impacts of nonlinearity on the evolution of the finite

amplitude freshwater and salinity perturbations were investigated．It was demonstrated that there
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existed an asymmelric nonlinear response to the sign of the finite flesh water perturbations．From

the sensitivity analysis of the thermohaline circulation to the freshwater and salinity perturbations

along the bifurcation diagram，it was shown that the system became unstable near the bifurcation

diagram regime，and a finite perturbation could lead to a wansition of the thermohaline circulation

肋m an equilibrium state to another one．

3 Tllll'et!Sub．Problems of Predictability

With the development of the human society and economy，people require to know the

answers to the questiom such as how large the prediction elTor is，and with given accuracy how

long We can predict the weather or climate．With this in mind，Mu et a1．L
16j classified three

predictability problems in numerical weather and climate prediction according to practical

derlands．

Problem 1 Suppose that the initial observation H护8 and the first given value of the

parameter p8 are known，尬and Mr are respectively the propagators from 0 to t and T．At

prediction time T，the maxiinunl allowing prediction error in terms of the chosen norm¨忆is
|I M7t(Hsbs，p8)一H●II A≤e， (5)

where H}is the Irue value of the state at time T．Then the maximum predictable time，疋，can be

estimated by the following nonlinear optimization problem：

疋=max{r J|l尬(即护，p8)一Ⅳ：I|A≤e，0≤t≤r)． (6)

Since the la'ue state比：cannot be obtained exactly，it is impossible to obtain the exact value of疋．

However，if we know more information about the errors of initial value and the parameters，

useful estimation on疋can be derived by using some methods．For example，assume that the

elTors of the initial value and the first given value of the parameters are known as follows：

|I H6一M矿8||月≤占1， ||p‘一p8|I曰≤艿2， (7)

where¨I 1日is a norm measuring the parameters in the model．Then we can investigate the

following nonlinear optimization problem：

疋z 2‰∈掣÷是&i咒。，p I死。，p
2 max'E，

l|％(Ho，p)一％("8b8，p8)II≤e，0≤t≤r}， (8)

where Ba．and Ba，are the balls witll centers at H8b8，p8，and radius占1，82，respectively．

It is not difficult to prove that

疋2≤疋．

Thus正f of Eq．(8)gives the lower bound of the maxililUm predictable time．

Problem 2 Assume that the initial observation H产and the first value of the parameter p8
are given．At prediction time T，the prediction ellor can be expressed as follows：

E=|I^易(H8h，ps)一H：l|A． (9)

The true state H}cannot be obtained exactly，SO E is not solvable．But if Eq．(7)holds，the

prediction errorE can be estimated by the following nonlinear optimization problem

E一‰∈雩强∈气II蜴(Ⅱ。，p)一坼(Ⅳ驴8，p8)忆 (10)

It is easy to prove that E≤E。．Then Eu gives the estimation of the upper bound of prediction
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CII'OY．

Problem 3 Assume that the initial observationⅣSh and the first given value of the

parameter p8 are available．At prediction time T，the allowing maxitnun'l prediction error is

Eq．(5)．Then the allowing iilaxinluIn initial error and the parameter error can be reduced into the

nonlinear optimization problem

艿。。=m。ax{l II Ho一Ⅳsbs II A≤艿1，II p—ps II曰≤艿2，

if占1+艿2=艿，then II Mr(H8b8，p8)一H_l|A≤e)．

Following the above idea．we can estimate艿．Investigating the problem

否。。=ma．x{I II^幻(Ⅳ8h，旷)一Mr(Ⅳo，肛)II A≤￡，

Ho∈既。，p∈气，占1+艿2=艿)， (11)

we can conclude that

艿一≤占一．
In the abvoe problems，if the errors in the parameter can be ignored，and fllrtherrflore the

model can be assumed to be perfect．the problems are the three ones of the first kind of

predictability；on the other hand，if there exists no initial error，the problems become those of the

second kind of predictability concerning the parameter error．

Lorenz model[2J was adopted to demonstrate how to realize these above ideas

numerically[1 6|．

4 Nonlinear Optilmzation酬【e悯of Sensitivity Aamlysis with Numerical
Model

m nonlinear optimization method of the sensitivity analysis with numerical modelE29]is
discussed in detail in this section．

Assume that Eq．(1)is a forecast model with model error，鸠is its propagator，媚h and

u字8 are reswxtively the observational data with error at time 0 and T．How to determine the

inidal field砜that makes the results of the model at time T，阱=Mr(乩)，can optimally
simulate the observational fields，U尹．This problem can be formulated into the following
nonlinear optimization problem：

E=m～inJ(U0)，
％

(12)

where J(U0)=告(坼(‰)一u尹)TW(Mr(巩)一u尹)is the objective function，Wis the

weighting coefficient matrix．

Let E=rainJ(砜)．For a given error bound￡，there are two cases f．or E，

f E>e， (13)0E【 ≤ ≤e．
”⋯

When testing a model，E>￡舢that even if we get the optimal initial field W，the
model is not able to simulate the observation，U字8 properly in the given error bound￡．Namely，
no matter how we adjust U0，a satisfactory simulation for U尹cannot be obtained．Then we Call

conclude that the model error is considerably large SO that the model needs to be improved．In the
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case of 0≤E≤e，the numerical solution Ur=Mr(Uo)and the observation U尹have no

apparent differences，which indicates that a satisfactory simulation can be obtained by adjusting
the initial field U0．It should be pointed out that，in this case，the model e1瑚could be large
too，which will be discussed later．With a given norm，defining a maxiiilunl allowable initial

error￡o，we have three cases now：

f ll W一硼h li《eo， (14a)

{||W一时||。eo， (14b)

【J|W一明h||》eo． (14c)

When the model elTor is small，the model can simulate the movement of atmosphere very
well and we can estimate the observation based on Eqs．(14a)，(14b)and(14c)．In Eq．(14a)，
a satisfactory simulation for the observation u尹can be obtained from the existing observation

碥h directly．We do not need to treat the initial field U0 of the model particularly，and some

oI幽qry interpolation is enough．In Eq．(14b)，a satisfactory simulation for U穸cannot be
obtained from媚岫directly．But if we improve the initial&1d砜of the model(for example，by
assimilation method)，a satisfactory simulation can be obtained too．In Eq．(14c)，the existing
observation lacks enough information and cannot represent the real weather and climate states．ff

we want to obtain a satisfactory simulation for u字8，we should intensify the observational network

to get more detailed observation than the existing one．

In case that the observational elTOr is small，the observation is close to the real development

of atmosphere．In Eq．(14a)，the model error is small and a satisfactory simulation for the
observation U尹is easily obtained by adjusting the initial field U0．In Eq．(14b)，there ale

certain model errors but a satisfactory simulation can also be obtained by adjusting U0 in the

allowable elTor bound．It is the case that an inaccurate model plus an inaccurate initial field

produces a satisfactory simulation．In Eq．(14c)，the difference between W and硼b8 is too

large，U铲is close to the real state，so Ui has no physical significance．We can conclude that

the model elTor is large，a satisfactory simulation for碑is illusive and more work should be done
to improve the numerical model．
In practice，it is common to evaluate the model error by comparing the numerical simulation

witll a relatively accurate observation．or to assess the observation by comparing it with a

relatively accurate numerical simulation．In these two cases，we can obtain some significant
conclusions by above analysis method．However，due to some objective reasons，when the model

and observation are both considerably inaccurate，the applicability of the nonlinear optimization
method to sensitivity analysis is limited．In this case，when E>e，as mentioned above，the
model elror is considerably large，and the model needs to be improved．When 0<E≤e，a
satisfactory simulation can be obtained by adjusting the initial field U0，but both model elfor and

observational error may be large．Let￡o be the observational precision that is usually known．If

0 W一硼h||》eo appears，the optimal initial field W is far from the real state of

atmosphere，and has no physical significance，which implies the model eITor is large．In other

cases，we cannot obtain some significant conclusions by the nonlinear optimization method．

In summary，we can get soine instructive conclusions by applying the nonlinear optimization
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method to sensitivity analysis of a numerical model．Xu et a1．LjUl performed a series of the

sensitivity experiments with a two--dimensional quasi--geostrophic model by using the nonfinear

optimization methods．The results suggest that the nonlinear optimization method call give a

quantitative assessment whether a numerical model is able to simulate the observations and find
the initial field that yield the optimal simulation，which are the main advantages of using the

nonlinear optimization method．W11en the simulation results are apparently satisfactory，but the
model error and the initial error may be 1arge．under some conditions，the nonlinear optimization
method Can identify the type of the error that plays a dominant role．

5 Conclusions and Discussions

In this paper，the authors review the applications of nonlinear optimization methods to the

predictability study．

Firstly，considering that linear singular vector(LSV)cannot describe the nonlinear motions

of atmosphere and ocean，nonlinear singular vector(NSV)and conditional nonlinear optimal

perturbation(CNOP)ale successively used to investigate the predictability of atmosphere and

ocean，and hope that science Can gradually understand deeply the nonlinearity on the

predictability．The results suggest that NSV and CNOP are useful tools in investigating the effects

of nonlinearity on predictabifity．

Secondly，the new classification of predictability problem provides an approach to estimating

quantitatively the maxirnum predictability time，the maximum prediction error and the allowing
maximum initial error and parameter errors of the model．All the information is of importance in
the utilization of products of numerical weather and climate prediction．
Thirdly，nonlinear optimization method is applied to the sensitivity analysis with numerical

model．It is shown that nonlinear optimization method Can give a quantitative assessment whether
a numerical model is able to simulate the observations and find the initial field that yields the

optimal simulation．

The above results，which are related to the studies of the challenging problems of

atmospheric and oceanic sciences，are obtained by using simple model．But it is clear from them
that the nonlinear optimization methods Can investigate the physical mechanism of atmospheric
and oceanic motions，and further explore the nonlinear characteristic of atmospheric and oceanic
motions．Therefore it is reasonable to expect that the nonlinear optimization methods will be well

applied in complicated models．

In fact a few difficulties will be faced in the utilization of nonlinear optimization methods．
For the three sub—problems of predictability from the point of view of pure mathematics，there are
still not rather ripe and effective algorithms．In Ref．[16]，fbr the simple models，the lower
bounds of maximun'l predictable time and the maximum allowable initial error are simply
computed by filtration．However，the model governing the motions of atmosphere and ocean is

generally complicated nonlinear model．For the complicated model，it is very difficult to use this
method to solve the corresponding optimization problems．Therefore it is expected that more

scientists Can enjoy in the development of riper and more effective algorithms to work out the

above optimization problems．The estimation of the maxilTlUlTl prediction error，which is
equivalent to the calculation of CNOP，for the linear，and the simple quadratic equality or
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inequality constraint conditions，can respectively be computed by using the ripe limited BFGS

algorithm[31]and SQP solver[32|．But．for those nonlinear optimizations problems that are of high

dimensions and complex constraint conditions，even of non-smoothed，the above algorithm

cannot be used to obtain C脚effectively．On these problems．there have been some studies of
the mathematicians in different aspects．But they are still not well employed in the filed of

atmosphere and ocean sciences．

Besides，the applications of the nonlinear optimization method to the sensitivity analysis are

also reviewed．ThiS problem belongs to the uncons缸aint nonlinear optimization problem．which is

generally solved by limited BFGS algorithm．However．for the complicated nonlinear
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